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1.  Let f(z) =2% — 2% Vax € R. Then (c,c?) is a point of intersection of the original two
functions if and only if f(c) = 0. By mean value theorem, since f”(z) = (In2)?-2*—2 =0
has exactly one solution, f’(z) = 0 has at most two distinct solutions, and so on, f(x) =0
has at most three distinct solutions.

Now, by intermediate value theorem and f(—1) = —0.5 <0< f(0) =1, f(2) = f(4) =
0, we know that f(z) = 0 has exactly three roots ¢, 2,4, where —1 < ¢ < 0.
Ans: D

1f(x) =0 <1 & 1< f(z)<1
< (x>0and —1< -bz+2<1)

12
or (z <0 and —1<—(I_|;l ) <1)

1 3
<:>(g<x<g)or(—3<x<0).

Since the minimal distance of 5B —3, and 0 to —1, respectively, is |0 — (—1)| = 1,
the largest § is 1.

Ans: B
3.
, 1 r+1 . r—(z+1)In(z+1)
m — = lim
z=0 \ In(x + 1) x 250 zln(z+1)
v, 1—In(z+1)—-1 . —(z+1)n(z+1)

T e+ 1)+ e (@4 )in(e+1) +a
(Use 'HO pital’s rule)
v —l@+1)—1  0-1 1

= lim = =—5.
e=0ln(x+1)+1+1 04141 2

, 1 r+1\> . 1 z+1\1° 1\° 1
lim — = |lim — (2] =Z.
=0 \ In(x + 1) x z—0 \ In(z + 1) x 2 4

Ans: B




(4) 5—2 3
Let e Ar = n i’
1=0, -5 = Je e
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— c _ & n1§ 6n1
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x - _ — - =
n 36 12n
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2:0,2———, n 36@} oA
ng’lo 67;10 Ax'f(()):_E:Q—,
ZZ”’QF:H gelo 30
n n Ax - 2 _ T
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© 1-0 1
1et e Az=——="—,
=0, 55 = noa
n 310 67;10 Az - f(0) = i @,
t=n, o—— = 5~ le e
2n 6 12n A 1) = —— — —
v f(1) n 8 &n
(D) 6—3 3
1 et et Ar = -
1=0, —— = —; " 367% e’
2n 310 67210 Az - f(3) = 21 6
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n 36 12n
Ans: A

5. Notice that e=*" is strictly decreasing on [0,1]. Thus

1/2 , 2 2 1 2 1
/ e~ 2% dy </ e " dx </ e dr = e~ (/Y </ e dr < .
0 0 0 2 0

Similarly, we have
1 2 1 2 1 2
/ e~ dx </ e dx </ e~ (/27 gy
1/2 1/2 1/2

1 L 1
= —e < / e dy < —e~ /Y,

1/2 , 1 ,
L:/ e’ dx—i—/ e v dx.
0 1/2

(0 4e) <D< g (14 ) <1

Clearly.

In summary,
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Ans: C

/1x2+x+2
2—dx
0 xr +1

1
T 1

— 1 d

/0 +z2+1+x2+1 v

1 1
=+ §ln(:)32 +1)+tan 'z
=0

_1+1n2+7r_7r+4+21n2
n 2 4 4 '

Ans: C

3 3
S = /27ry ds = / 2y/1+ (v)? dx = / orat\/1+ (423)? da.
0 0

Ans: C

l+e™ 1 w1
8. For x > e, e > — > (0, and fe — dx diverges.
T T

x
1+e™®
T

2

By Comparison Theorem, [
Ans: D

dx diverges.

9. The area of the region A is

/y iz — /Oﬂyw)x'(e) do — /Oﬂ y2(0) do

:/ 2 (1 — cos )’ d9:7"2/ 1—2C089+Md9
0 0

2
3 1 " 3
= 7? (59 — 2sinf + 2 sin(26) 0_0) = §7rr2.

Ans: B

10. Let r1(0) = 3 and r9(0) = 2 + 2 cosf. Notice that 0 < ry(0) < 4 for all # € R, and
(r1(61) cos 01,11 (01) sinby) = (r9(62) cos O, r2(0s) sin 65)
< 0 =05 and 2+ 2cosfy, =3

= 82:2717?1% VneZ.



11.

(B)

(D)

12.

Notice that while 0 < 0 < Z, 0 <7r(f) =3 <ryf) =24 2cosf. Hence the area A is

6
equal to
71'/3 1 71./3
2/ 9 [2°(0) — m*(0)] df = / [4cos? + 8cosf — 5] db
0 0
w/3
= / [2cos(20) + 8cos — 3] dff = —m + (sm(?@) + 8sin 9|”/3>
0
T+ £ +8- £ = g — .
Ans: C

2.222 ~Ina®-4r 1—1Ina?
fe) == =g =0
4t a3
or dose not exist when z = 4+/e (0 not in domain).

f'(z) > 0 and so f is increasing on (—oo, —+/e) U (0, \/e).

—2.23—(1—In2?)-32> 3lna®-5
6 B zt

f'(x) =

f"(z) < 0 and so is concave downward on (—e/%,0) U (0, ¢%/9).

“2.43 _(1-Ina?)-322 3na’—5
f”(iﬁ): z T (I6 HZL‘) x _ Il.’;4 ,f//($>20<:>56'::|:65/6.

5
So f has two inflection points (ie5/6, 665/3> .

2.922 —Ina?-4x 1 —Ina?
f/(x):x Xz nxr SE: nx —0

4t 3

or dose not exist when x = 4++/e (0 not in domain).

f'(xz) > 0 and so f is increasing on (—oo, —y/e)U(0,v/¢e). f'(x) < 0 and so f is decreas-
1
ing on (—+/e,0)U(y/e,00). So f has local maximum while z = +/e. Since f(£/e) = %
the absolute maximum of f is %
Ans: BD ‘



(A) Consider f(x)=xz® on (—1,1). Then f/'(0) = 3-0* = 0. But for any ¢ € (0, 1),

f@)=1t3> f(0) =0 > f(—t) = —t*.
Therefore, f(x) has no local extrema at = 0.

(B) Consider f(x) =z on (—1,1). Then f is continuous on (—1,1). But for any ¢ € (—1,1),

—1 1
(= ( ; C,s = ;c are both belong to (—1,1), and

—l1<fll)=l<flc)=c< f(s)=s< 1.

Hence f(c) is not an absolute extrema for any ¢ € (—1,1).

(C) If a function is differentiable on an open interval in R, then it is continuous on this interval.

(D) Let f(x) = |z| on (=1,1). Then f?(z) = z? is differentiable on (—1,1). But f is not
differentiable at 0.
Ans: ABD

13.

(A) Clearly, lim, ,o- g(z) = 1. Set f(t) =
x > 0. (Notice that F'(0) = 0.) Hence

1 x
m for t 2 07 and F(I’) = f(] f(t) dt for

lim g(z) = lim F(\/@

z—0t z—0t X

We will apply 'HoO pital’s rule later. By fundamental theorem of calculus, for = > 0,

d 1 1 1

%F(ﬁ):mf<ﬁ):2\/§$—l—%+l

Now, by I'H6 pital’s rule,

1 1
1i — i - .
Jm () =l S s va el T
1
B) 0 < < for t > 0, so
(B) 2+Vt+1 241
1 [V* 1 1 [V 1 1
0< lim -~ [ ——dt< lim - dt = lim ~tan~'\/z =0-~ = 0.
z—o0 T Jq t2_|_\/%_|_1 z—00 T Jq t24+1 T—00 I 2



(C) It is obvious that lim, - sin(z)g(z) =0-1 =0, and

lim sin(z)g(z) = lim (smx/ —dt)
20+ a0t \ xSy 2+Vi+1

:<hm Sl”)./ — dt=1-0=0.
=0t T 0 P2+ Vt+1

(D) Set f(t) = Vil fort >0, and F(z) = [; f(t)dt for z > 0. (Notice that F(0) = 0.)

By fundamental theorem of calculus, for x > 0,

d 1 1 1
%F(ﬁ):mf(ﬁ)IQﬁl‘—f-%—l—l

Now,

L:ygﬂ@:yg(gFWQ+ii%(@):—Hm+é

1 1
Since ————— > —for 0 <t <1,
24+yt+1 "3

Fm—/l L ﬁ>/”ﬁ—1
o Jo 24+VE+1 T Sy 303

=—=<0.

Hence
Ans: BC

14.

(A) It is okay that f is continuous for x # 0. For x = 0, it is clearly that lim, ,o- f(z) =
lim,_,o- 0 = 0. For the right-hand side, since

. 1
—z? < z? sin (—) < z?
3

and lim,_,q £2? = £0? = 0, by squeeze theorem,

1
. . 2 .
lim f(z) = lim 2°sin (;) = 0.

z—0t z—0t

Hence lim,_,o f(x) = 0 = f(0), f is continuous on R.



(B) It is okay that f is differentiable for x # 0. For z = 0,

f)—fO) o S = f0) (1N
hlggl— h—0 hlgg— 0=0. hlgél+ h—0 hlg(rJl‘*‘ fsin h3) 0
by squeeze theorem. In summary,
f(h) =0
/
FO=m= e =°

so f is differentiable on R.

(C)
. fth)y—=f(O) . _f(h) = f0) /1
hm _— = hm 0 == 0 hm —O == hm hSln (—) = 0

h—0— h—0 h—0— h—07+ h —

by squeeze theorem. In summary,

v 1 f(h) =0
F(0) = Jim ===

f'(z) = 2xsin (%) + 27 cos (%) : (;—f) = 2zrsin (%) — <%> cos (%

thus the limit lim, ,o+ f’(2) does not exist, f’ is not continuous at 0.
Ans: ABC

=0.

15.

1 1 1
/ eV® dx = / e d(u?) = / 2ue" du
0 0 0

1 1 1
= / 2u d(e") = 2ue" —/ e d(2u)
0 0 0

1
= [2ue“ — 26”} = 2.
0

(1) 1
/0 xe' dr = [:cex — exr) = 1.
(IIT)

w/2
/ e sin 22 dx
0

w/2
2T sinx cosx dx

2ue’ dv = 2.

[
/



Ans: C

1
T T\ %
16. Letyz( +5> .

2
(2t (1n2)2m+(1n5)5$>
n
: : 2 . 2
AT T (F25)
2

(In2+1In5)/2 In2+1Inb
(1+1)/2 2 nvio

Thus lim,_,oy = exp(lim,_oIny) = v/10.
Ans: \/ﬁ

17. For change of variables, set u = z? + x + 1. Then du = (2x + 1) dz, and

x—l—— Ld
I = +Ci=vVal+ax+1+Ch.
' N /\/_ it = 1
1
For the rest part Iy := —— / —————— dx, we observe that
P =y ) Ve rord

e (;C+%>2+ (\/73)2: (?)2 [(273;_+%)2

By change of Variables

set sinhv = then Va2 + x4+ 1= 3\/ sinh®v + 1 = ﬁ coshwv,
f f 2 2
coshvdv = —dm,
V3
and
— (coshw) - ﬁdv
V3 coshv 2
1 1 1 2x 1
=—— [ dv=—= — ——ginh~!
2/ v 211+C'2 2Sm <\/_ \/_)—i-C’g

Since sinh ™'y = In <y+\/1+y2),we have that
1 2x 1 2

Ih=——1In —+—+—\/x2+x—|—1)+0

P2 (\/5 V3 V3 ’

1 1 1 2
=—§ln<\/x2+x+1+x+§> _§1nﬁ+02'

8




In summary,

1 1
dx:]1+12:\/x2—|—x+1—§ln(\/x2—|—x+l+x+—) +C.

T
/\/xQ—i—x—l—l 2

1
Mns: V@ Tz 41-1Lhn (m+x+§) e

2

18. 22 +y* =r? A(x) = % So the volume is
T2 T 3|7 2
V:/A(x)dx:/ y—dx:/rQ—xde:r%—x— = 2 = 144.
2 ; 3., 3
Ans: 144
dy
19. By fundamental theorem of calculus, pi (Inz)? -1
x

The length of the curve is L =

2

e2 e2 e
[ VIEwFd = [ VT tde= [ welds = sle -l =

2

Ans: e

20. The length of the polar curve L is
/ VrE4(r)? do = / V(1 +sin )2 + (cos 0)? df
0 0
™ /2
= \/5/ V2 + 2sinf df = zﬂ/ V1 +sin6 df
0 0

(cos (E + t> = cos (g — t) for t € R.)

2
_2\/5/’7/2 V1 +sinfy/1 —sin6 d9—2\/§/ﬂ/2 cos o
B 0 v/1—siné B o V1—siné

For change of variables, let « = sinf. Then du = cos 6 df. Thus

= 4V/2.

1
u=0

L:2\/§/1\/11__udu:—4\/§\/1—u

Ans: 4vV2



