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1. Let f(x) = 2x − x2, ∀x ∈ R. Then (c, c2) is a point of intersection of the original two
functions if and only if f(c) = 0. By mean value theorem, since f ′′(x) = (ln 2)2 ·2x−2 = 0
has exactly one solution, f ′(x) = 0 has at most two distinct solutions, and so on, f(x) = 0
has at most three distinct solutions.

Now, by intermediate value theorem and f(−1) = −0.5 < 0 < f(0) = 1, f(2) = f(4) =
0, we know that f(x) = 0 has exactly three roots c, 2, 4, where −1 < c < 0.
Ans: D

2.

|f(x)− 0| < 1 ⇔ −1 < f(x) < 1

⇔ (x ≥ 0 and − 1 < −5x+ 2 < 1)

or (x < 0 and − 1 < −(x+ 1)2

4
< 1)

⇔ (
1

5
< x <

3

5
) or (−3 < x < 0).

Since the minimal distance of
1

5
,

3

5
, −3, and 0 to −1, respectively, is |0 − (−1)| = 1,

the largest δ is 1.
Ans: B

3.

lim
x→0

(
1

ln(x+ 1)
− x+ 1

x

)
= lim

x→0

x− (x+ 1) ln(x+ 1)

x ln(x+ 1)

l′H
= lim

x→0

1− ln(x+ 1)− 1

ln(x+ 1) + x
x+1

= lim
x→0

−(x+ 1) ln(x+ 1)

(x+ 1) ln(x+ 1) + x

(Use l’Hôpital’s rule)

l′H
= lim

x→0

− ln(x+ 1)− 1

ln(x+ 1) + 1 + 1
=

0− 1

0 + 1 + 1
= −1

2
.

lim
x→0

(
1

ln(x+ 1)
− x+ 1

x

)2

=

[
lim
x→0

(
1

ln(x+ 1)
− x+ 1

x

)]2
=

(
−1

2

)2

=
1

4
.

Ans: B
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4.

(A) 
i = 0,

1

2n

e4

3
=
e4

6n
;

i = n,
1

2n

e10

6
=

e10

12n
.


∆x =

5− 2

n
=

3

n
,

∆x · f(2) =
3

n

e4

18
=
e4

6n
,

∆x · f(5) =
3

n

e10

36
=

e10

12n
.

(B) 
i = 0,

1

2n

e4

3
=
e4

6n
;

i = n,
1

2n

e10

6
=

e10

12n
.


∆x =

3− 0

n
=

3

n
,

∆x · f(0) =
3

n

e4

6
=
e4

2n
,

∆x · f(3) =
3

n

e10

12
=
e10

4n
.

(C) 
i = 0,

1

2n

e4

3
=
e4

6n
;

i = n,
1

2n

e10

6
=

e10

12n
.


∆x =

1− 0

n
=

1

n
,

∆x · f(0) =
1

n

e4

6
=
e4

6n
,

∆x · f(1) =
1

n

e5

8
=
e5

8n
.

(D) 
i = 0,

1

2n

e4

3
=
e4

6n
;

i = n,
1

2n

e10

6
=

e10

12n
.


∆x =

6− 3

n
=

3

n
,

∆x · f(3) =
3

n

e7

18
=
e7

6n
,

∆x · f(6) =
3

n

e13

36
=

e13

12n
.

Ans: A

5. Notice that e−x
2

is strictly decreasing on [0, 1]. Thus

∫ 1/2

0

e−(1/2)
2

dx <

∫ 1/2

0

e−x
2

dx <

∫ 1/2

0

e−0
2

dx⇒ 1

2
e−(1/4) <

∫ 1/2

0

e−x
2

dx <
1

2
.

Similarly, we have ∫ 1

1/2

e−(1)
2

dx <

∫ 1

1/2

e−x
2

dx <

∫ 1

1/2

e−(1/2)
2

dx

⇒ 1

2
e−1 <

∫ 1

1/2

e−x
2

dx <
1

2
e−(1/4).

Clearly.

L =

∫ 1/2

0

e−x
2

dx+

∫ 1

1/2

e−x
2

dx.

In summary,
1

2

(
e−(1/4) + e−1

)
< L <

1

2

(
1 + e−(1/4)

)
< 1.
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Ans: C

6. ∫ 1

0

x2 + x+ 2

x2 + 1
dx

=

∫ 1

0

1 +
x

x2 + 1
+

1

x2 + 1
dx

= x+
1

2
ln(x2 + 1) + tan−1 x

∣∣∣∣1
x=0

= 1 +
ln 2

2
+
π

4
=
π + 4 + 2 ln 2

4
.

Ans: C

7.

S =

∫
2πy ds =

∫ 3

0

2πy
√

1 + (y′)2 dx =

∫ 3

0

2πx4
√

1 + (4x3)2 dx.

Ans: C

8. For x ≥ e,
1 + e−x

2

x
>

1

x
> 0, and

∫∞
e

1

x
dx diverges.

By Comparison Theorem,
∫∞
e

1 + e−x
2

x
dx diverges.

Ans: D

9. The area of the region A is∫
y dx =

∫ π

0

y(θ)x′(θ) dθ =

∫ π

0

y2(θ) dθ

=

∫ π

0

r2 (1− cos θ)2 dθ = r2
∫ π

0

1− 2 cos θ +
cos(2θ) + 1

2
dθ

= r2
(

3

2
θ − 2 sin θ +

1

4
sin(2θ)

∣∣∣∣π
θ=0

)
=

3

2
πr2.

Ans: B

10. Let r1(θ) = 3 and r2(θ) = 2 + 2 cos θ. Notice that 0 ≤ r2(θ) ≤ 4 for all θ ∈ R, and

(r1(θ1) cos θ1, r1(θ1) sin θ1) = (r2(θ2) cos θ2, r2(θ2) sin θ2)

⇔ θ1 = θ2 and 2 + 2 cos θ2 = 3

⇔ θ2 = 2nπ ± π

3
∀ n ∈ Z.

3



Notice that while 0 ≤ θ ≤ π

6
, 0 ≤ r1(θ) = 3 ≤ r2(θ) = 2 + 2 cos θ. Hence the area A is

equal to

2

∫ π/3

0

1

2

[
r2

2(θ)− r12(θ)
]
dθ =

∫ π/3

0

[
4 cos2 θ + 8 cos θ − 5

]
dθ

=

∫ π/3

0

[2 cos(2θ) + 8 cos θ − 3] dθ = −π +
(

sin(2θ) + 8 sin θ|π/3θ=0

)
= −π +

√
3

2
+ 8 ·

√
3

2
=

9

2

√
3− π.

Ans: C

11.

(A)

f ′(x) =
2
x
· 2x2 − lnx2 · 4x

4x4
=

1− lnx2

x3
= 0

or dose not exist when x = ±
√
e (0 not in domain).

f ′(x) > 0 and so f is increasing on (−∞,−
√
e) ∪ (0,

√
e).

(B)

f ′′(x) =
− 2
x
· x3 − (1− lnx2) · 3x2

x6
=

3 lnx2 − 5

x4
.

f ′′(x) < 0 and so is concave downward on (−e5/6, 0) ∪ (0, e5/6).

(C)

f ′′(x) =
− 2
x
· x3 − (1− lnx2) · 3x2

x6
=

3 lnx2 − 5

x4
, f ′′(x) = 0⇔ x = ±e5/6.

So f has two inflection points

(
±e5/6, 5

6
e−5/3

)
.

(D)

f ′(x) =
2
x
· 2x2 − lnx2 · 4x

4x4
=

1− lnx2

x3
= 0

or dose not exist when x = ±
√
e (0 not in domain).

f ′(x) > 0 and so f is increasing on (−∞,−
√
e)∪(0,

√
e). f ′(x) < 0 and so f is decreas-

ing on (−
√
e, 0)∪(

√
e,∞). So f has local maximum while x = ±

√
e. Since f(±

√
e) =

1

2e
,

the absolute maximum of f is
1

2e
.

Ans: BD

12.

4



(A) Consider f(x) = x3 on (−1, 1). Then f ′(0) = 3 · 02 = 0. But for any t ∈ (0, 1),

f(t) = t3 > f(0) = 0 > f(−t) = −t3.

Therefore, f(x) has no local extrema at x = 0.

(B) Consider f(x) = x on (−1, 1). Then f is continuous on (−1, 1). But for any c ∈ (−1, 1),

` :=
(−1) + c

2
, s :=

1 + c

2
are both belong to (−1, 1), and

−1 < f(`) = ` < f(c) = c < f(s) = s < 1.

Hence f(c) is not an absolute extrema for any c ∈ (−1, 1).

(C) If a function is differentiable on an open interval in R, then it is continuous on this interval.

(D) Let f(x) = |x| on (−1, 1). Then f 2(x) = x2 is differentiable on (−1, 1). But f is not
differentiable at 0.
Ans: ABD

13.

(A) Clearly, limx→0− g(x) = 1. Set f(t) =
1

t2 +
√
t+ 1

for t ≥ 0, and F (x) =
∫ x
0
f(t) dt for

x ≥ 0. (Notice that F (0) = 0.) Hence

lim
x→0+

g(x) = lim
x→0+

F (
√
x)

x
.

We will apply l’Hôpital’s rule later. By fundamental theorem of calculus, for x > 0,

d

dx
F (
√
x) =

1

2
√
x
f(
√
x) =

1

2
√
x

1

x+ 4
√
x+ 1

.

Now, by l’Hôpital’s rule,

lim
x→0+

g(x) = lim
x→0+

1

2
√
x

1

x+ 4
√
x+ 1

= +∞.

(B) 0 <
1

t2 +
√
t+ 1

<
1

t2 + 1
for t > 0, so

0 ≤ lim
x→∞

1

x

∫ √x
0

1

t2 +
√
t+ 1

dt ≤ lim
x→∞

1

x

∫ √x
0

1

t2 + 1
dt = lim

x→∞

1

x
tan−1

√
x = 0 · π

2
= 0.
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(C) It is obvious that limx→0− sin(x)g(x) = 0 · 1 = 0, and

lim
x→0+

sin(x)g(x) = lim
x→0+

(
sinx

x

∫ √x
0

1

t2 +
√
t+ 1

dt

)

=

(
lim
x→0+

sinx

x

)
·
∫ √0
0

1

t2 +
√
t+ 1

dt = 1 · 0 = 0.

(D) Set f(t) =
1

t2 +
√
t+ 1

for t ≥ 0, and F (x) =
∫ x
0
f(t) dt for x ≥ 0. (Notice that F (0) = 0.)

By fundamental theorem of calculus, for x > 0,

d

dx
F (
√
x) =

1

2
√
x
f(
√
x) =

1

2
√
x

1

x+ 4
√
x+ 1

.

Now,

L := lim
x→1

g′(x) = lim
x→1

(
−1

x2
F (
√
x) +

1

x

1

2
√
x
f(x)

)
= −F (1) +

1

6
.

Since
1

t2 +
√
t+ 1

≥ 1

3
for 0 ≤ t ≤ 1,

F (1) =

∫ 1

0

1

t2 +
√
t+ 1

dt ≥
∫ 1

0

1

3
dt =

1

3
.

Hence

L = −F (1) +
1

6
≤ −1

3
+

1

6
= −1

6
< 0.

Ans: BC

14.

(A) It is okay that f is continuous for x 6= 0. For x = 0, it is clearly that limx→0− f(x) =
limx→0− 0 = 0. For the right-hand side, since

−x2 ≤ x2 sin

(
1

x3

)
≤ x2

and limx→0±x2 = ±02 = 0, by squeeze theorem,

lim
x→0+

f(x) = lim
x→0+

x2 sin

(
1

x3

)
= 0.

Hence limx→0 f(x) = 0 = f(0), f is continuous on R.

6



(B) It is okay that f is differentiable for x 6= 0. For x = 0,

lim
h→0−

f(h)− f(0)

h− 0
= lim

h→0−
0 = 0. lim

h→0+

f(h)− f(0)

h− 0
= lim

h→0+
h sin

(
1

h3

)
= 0

by squeeze theorem. In summary,

f ′(0) = lim
h→0

f(h)− 0

h− 0
= 0,

so f is differentiable on R.

(C)

lim
h→0−

f(h)− f(0)

h− 0
= lim

h→0−
0 = 0. lim

h→0+

f(h)− f(0)

h− 0
= lim

h→0+
h sin

(
1

h3

)
= 0

by squeeze theorem. In summary,

f ′(0) = lim
h→0

f(h)− 0

h− 0
= 0.

(D)

f ′(x) = 2x sin

(
1

x3

)
+ x2 cos

(
1

x3

)
·
(
−3

x4

)
= 2x sin

(
1

x3

)
−
(

3

x2

)
cos

(
1

x3

)
,

thus the limit limx→0+ f
′(x) does not exist, f ′ is not continuous at 0.

Ans: ABC

15.

(I) ∫ 1

0

e
√
x dx =

∫ 1

0

eu d(u2) =

∫ 1

0

2ueu du

=

∫ 1

0

2u d(eu) = 2ueu
∣∣∣1
0
−
∫ 1

0

eu d(2u)

=
[
2ueu − 2eu

]1
0

= 2.

(II) ∫ 1

0

xex dx =
[
xex − ex

]1
0

= 1.

(III) ∫ π/2

0

esinx sin 2x dx

=

∫ π/2

0

2esinx sinx cosx dx

=

∫ 1

0

2vev dv = 2.

7



Ans: C

16. Let y =

(
2x + 5x

2

) 1
x

.

lim
x→0

ln y = lim
x→0

ln

(
2x + 5x

2

)
x

= lim
x→0

(
(ln 2)2x + (ln 5)5x

2

)
(

2x + 5x

2

)
· 1

=
(ln 2 + ln 5)/2

(1 + 1)/2
=

ln 2 + ln 5

2
= ln

√
10.

Thus limx→0 y = exp(limx→0 ln y) =
√

10.
Ans:

√
10

17. For change of variables, set u = x2 + x+ 1. Then du = (2x+ 1) dx, and

I1 :=

∫
x+ 1

2√
x2 + x+ 1

dx =

∫ 1
2
du
√
u

=
√
u+ C1 =

√
x2 + x+ 1 + C1.

For the rest part I2 := −1

2

∫
1√

x2 + x+ 1
dx, we observe that

x2 + x+ 1 =

(
x+

1

2

)2

+

(√
3

2

)2

=

(√
3

2

)2 [(
2x√

3
+

1√
3

)2

+ 1

]
.

By change of variables,

set sinh v =
2x√

3
+

1√
3

, then
√
x2 + x+ 1 =

√
3

2

√
sinh2 v + 1 =

√
3

2
cosh v,

cosh v dv =
2√
3
dx,

and

I2 = −1

2

∫
2√
3

1

cosh v
(cosh v) ·

√
3

2
dv

= −1

2

∫
dv = −1

2
v + C2 = −1

2
sinh−1

(
2x√

3
+

1√
3

)
+ C2.

Since sinh−1 y = ln
(
y +

√
1 + y2

)
, we have that

I2 = −1

2
ln

(
2x√

3
+

1√
3

+
2√
3

√
x2 + x+ 1

)
+ C2

= −1

2
ln

(√
x2 + x+ 1 + x+

1

2

)
− 1

2
ln

2√
3

+ C2.
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In summary,∫
x√

x2 + x+ 1
dx = I1 + I2 =

√
x2 + x+ 1− 1

2
ln

(√
x2 + x+ 1 + x+

1

2

)
+ C.

Ans:
√
x2 + x+ 1− 1

2
ln

(√
x2 + x+ 1 + x+

1

2

)
+ C

18. x2 + y2 = r2, A(x) =
y2

2
. So the volume is

V =

∫
A(x) dx =

∫ r

−r

y2

2
dx =

∫ r

0

r2 − x2 dx = r2x− x3

3

∣∣∣∣r
x=0

=
2

3
r3 = 144.

Ans: 144

19. By fundamental theorem of calculus,
dy

dx
=
√

(lnx)2 − 1

The length of the curve is L =

∫ e2

e

√
1 + (y′)2 dx =

∫ e2

e

√
1 + (ln x)2 − 1 dx =

∫ e2

e

| lnx| dx = x lnx− x|e
2

x=e = e2.

Ans: e2

20. The length of the polar curve L is∫ π

0

√
r2 + (r′)2 dθ =

∫ π

0

√
(1 + sin θ)2 + (cos θ)2 dθ

=
√

2

∫ π

0

√
2 + 2 sin θ dθ = 2

√
2

∫ π/2

0

√
1 + sin θ dθ

(cos
(π

2
+ t
)

= cos
(π

2
− t
)

for t ∈ R.)

= 2
√

2

∫ π/2

0

√
1 + sin θ

√
1− sin θ√

1− sin θ
dθ = 2

√
2

∫ π/2

0

cos θ√
1− sin θ

dθ

For change of variables, let u = sin θ. Then du = cos θ dθ. Thus

L = 2
√

2

∫ 1

0

1√
1− u

du = −4
√

2
√

1− u
∣∣∣1
u=0

= 4
√

2.

Ans: 4
√

2
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