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1.
}e‘ﬂc—l\<1:>—1<e‘”f—1<1
2 2 2
= L <e ' < 5
— 6 —
2 2
1 3
= —ln2:ln§ < —m<ln§
:>—lng <z <In2.
Since
[In2| > |1 k
n n—
2 )
3 3
0=min<In2, In- ¢ =In-.
2 2
Ans: C
2.
(A) f'(x) =7—sinz >7—1>0 for all z € R. Hence f is strictly increasing, f has at most
7
one root. Since f <—g> f(0) = (_§> -1 <0, f has a root in (—g,O) by intermediate

value theorem.

(B) lim, oo 72 = o0 and |cosz| < 1 for all x € R, so lim, ,o f(x) = oo. Thus f is not
periodic.

(C) f'(xr)=T7—sinx >7—1>0 for all z € R. Hence f is strictly increasing, f has at most
T

7
one root. Since f <—§) f(0) = <_77T> -1 <0, f has aroot in (—g,()) by intermediate
value theorem.

(D)
lim |f(x) — (ax +b)| = 1_1&1 (7 —a)x +cosxz+b| #0

r—Fo00

for and a,b € R. Thus f has no any horizontal/ slant asymptote.

Ans: C



3. For x # 0,

1
T _rae < T sintar < 1 ar,
= = Gin L g 2™ g
0 < 0 t < 0
|z - T B x|
1 I
14+a 1+a
_|$|| | - ’x|a |$|| | - | |a
x x

lim, ,o —|z|* = lim,_,o |z|* = 0, by Squeeze Theorem, the limit is 0.

Ans: A

/x”e_z de = 2" (—e™") — /(—e‘m)nx"_l dx

) 4. t"rm
lim t"e™ " = lim — =
t—00 t—oo et

(0-00 — f’ n times.)
00

o0 t
2" dx = lim z"e " dx
0 t—o00 0

= lim —(2" +na" '+ -+l + n!)e’x|t_0
t—o0 r=
= lim [n! — (" +nt""' + -+ nlt +nl)e™] =nl

t—o00

2z 2

1
2z :€__I_
/O(e x) dz 5

1
1, 1 1 1,
=(ze? =2 ) - (5-0) =z -1
0 (26 2) (2 > 26

(A) The average value of f on the interval [1,4] is equal to

1 4 10
—_— dr = — > 3.
4_1/1f(m)x 3>
2



(B) Let f:[1,4] — R such that f(z) = §(x —2).

3
Then
4 4
/ f(:v)dng(x—Q)Q = 10,
1 3 r=1
40
and maxgepq f(2) = f(4) = 3> 4.
20
(C) Let f:[1,4] — R such that f(x) = g(x —2).
Then
4 4
/ f(x)dng(x—2)2 = 10,
1 3 =1
. —20
and mingep 4 f(x) = f(1) = —5 < 0.

(D) If not, max,ep 4 f(x) < 3, then

4 4
/ f(x)dazg/ 3dr=(4—1)-3=9< 10,
1 1

it is a contradiction.

Ans: D

7. The surface area is

Ans: A



8. Notice that (z,y)

10.

= (—1,1) if and only if t = g The slope of the tangent line is

=2
t=7% —1

cost + 2cos 2t

- - = 2.
—sint — 2sin 2¢

dy
dy _ at
de  dzx
dt

Thus the tangent line is

that is, y = 2z + 3.
Ans: A

Let 1 (6) = %
(1

1
(«91 =0, and cos 26, = 2) or (91 =0y + 71 and cos20y = ——
& O,

(01) cos0y,7r1(61) sin0y) =

and r9(#) = cos 26. Notice that

(ro(62) cos Oz, 73 (02) sin b

= — j: - Vnez.
1
Notice that while 0 < 6 < %, 0<r(0) = 3 < r9(f) = cos 26. Hence the area A is equal
to
/6 1 /6 1
/ —r1%(0)] do = 4/ [6082(29) — Z] do
0
/ Lt osaoy| ao=T 4 [ Lg (49)7r/6 T, V3
173°¢ e T\ 2" ) T e

Ans:

Let y = (Inz)**. Iny = (sinz) In(Inz), and

’ 11
= cosa- In(lnz) +sing - — - —
nx z’
Thus
f,< >_y| = y|cosx- 1H(1n1:)—|—slnx Ll
o Inz =z .
(1 )sine 1 (1 )+ . 1 1
= (lne cose-In(lne) 4+ sine- — - =
Ine e
1 1
:1-<Cose 0+ sine. = _) sme'
1 e e
Ans: D



11.

(A)

sinx  sin % 22
lim — .
=7 1 T
(B) Since
—1 sin x 1
_ < -
|z| z T |af
for all x # 0, and
.o —1 . 1
lim — =0= lim —.
z—oo || w00 |z
By squeeze theorem,
. sinx
lim =0.

(C) Since 0 < sinx < z < tanz for 0 < z < 7/2, we have that

T tan x 1
1 < — < = = .
sinx  sinx  cosz
. 1 1 :
Because lim,_,g+ — = 1, by squeeze theorem, we have that lim,_,o+ —
o oS T 1 sinx
For the similar way, we can prove that
sin x
lim =1
z—=0- X
(D) Since

—1 sinz 1

- < -

[z = w7 |

for all x # 0, and
.o —1 . 1
lim — =0= lim —.
z——o0 1] w00 |z
By squeeze theorem,
) sinx ) r —sinx
lim, ,_ =0,lmyy_oo———=1-0=1
x

Ans: CD

12.

lim | f(x)| =

lim f(2)| = |/(@)].



(B) Let f:(0,00) — R such thatf(z) = 1/x for all z € (0,00), and g : [0,00) — R such that

if z=0.

if =€ (0,00),

Then lim, .o+ f(x) = lim, o+ g(x) = 400, both of f and g have vertical asymptote

x = 0.

()
f(x) = f(a)

Tr —a

lim f(z) — f(a) = lim

T—ra r—a

thus lim,_,, f(z) = f(a).

(z—a)=

(D) The limit of sinz does not exist as x — +o00 since sinnm = 0 and sin <z + 2n7r> =1 for

all n € N.
Ans: ABC
13.
Tr—a Tr—a
i L@ =@ (@) = (@) 2 —a
T—a \?/5—1 T—a T —a \3/5—1
- (i KT (2
T—a r—a r—a .Z'—l
g o LT a
_f(a)<i1i;r(ll 3:6_1)
a—a )
_ Ja-1 =0, if a#1,
Va2 +Ya+1=3, if a=1.
Ans: AD
14.
W In |z| 1/
. . . n|\xl ry,. x .
ggéf(x)-—»gggxln|w|——ig%-i7;; —-zgg<_1/$2 —-55% —x) = 0= f(0),

f is continuous at 0.

(B) f'(z) =In|z|+1=0if and only if x = +e~!, and f’(x) does not exist when x = 0.

1
For x # 0, f"(z) = —, f"(e7') = ¢ > 0. Hence f has a local minimum f(e™!) = —e™'.
T

(C) f'(z) =In|z|+1=0if and only if z = +e~!, and f/(x) does not exist when z = 0.

1
Forz # 0, f"(x) = —, f"(—e™') = —e > 0. Hence f has alocal maximum f(—e ') =e~'.
T

6



15.
(A)

(B)
(©)

(D)

16.

17.

In|z| yu

) = el = T = I e =

hence f is continuous at 0.

/() =Inl|xz| +1 =0 if and only if x = e~ !, and f/(x) does not exist when x = 0. For
1

v 40, f'lx) =

x
downward on (—o00,0) and f is concave upward on (0,00). In summary, f has an inflec-
tion point (0, 0).

. Since f"(x) < 0 for x < 0 and f"’(z) > 0 for x > 0, f is concave

Ans: ABCD

|| is continuous,

lim | ()] = | lim £ ()| = | F(a)]

Just follow the definition of vertical asymptote.

lim f(2) = f'(a) - 0+ f(a) = f(a).

T—ra

lim f(x) may not exist. (ex: sinz.)
T—00

Ans: ABD

Implicit differentiate with respect to x,

3(2*+y* — 1)2(2x+2yy’) =32+
= 3(124+02—1)%(2-14+2-0-¢) =312+ ¢
/ J—
= Ylwy=00 = =3

Thus the tangent line to the curve at (0,1) is y — 0 = —3(x — 1), that is, y = -3z + 3

Ans: y=-3x+3

92 + 23 + 622 +5 3122 — 28z 4+ 90
=9z — 17+ )
3 +222+x+5 3 +2x2 4+ +5

and

) 3122 — 28z + 90
lim =0
z—too 13 + 222 + ¢ + 5



18.

19.

20.

So the slant asymptote of f(x) is y = 9x — 17 or 9z —y — 17 = 0.

Ans: 92—y —-17=0

A (x —4) A N Bz n C
ssume =
(x+1)(22+4) z+1 2244 22+4’

r—4=A*+4)+ Bz(z + 1)+ C(z + 1),

r=—-1: —5=0>5A, A=-1,
x=0: —4=4A+C, = ¢ B=1,
x=1: —3=5A+2B + 2C, C =0.

1 1
(x —4) / -1 x
du = d
/0 i@ )T ) sl T2 ™

1

= (=In2+1Inv5) — (0 +1n2)

=0

1
= —ln|x+1|+§ln(x2+4)

1 5
— 5In5—2In2 (= 1n§).

1
Ans: 51115—21112 (= lné)

[Cylindrical shell]
(It is hard to use Disk method: fol T ()] dy.)

/ 2na f(x) dx :/ o dy :/ 2msinx dx
0 0 x 0
=2m (—cosz|_,) =2m[—(—1) — (—1)] = 4m.

Ans: 4w

1
(z+ Dz + 1)

/°° 1 e u=In(z+1) /Oo 1 du
1 (@+1)[In(z +1)JP e w

diverges if and only if p < 1.

> 0 for x > 1.

fx) >

Now

By comparison theorem, floo f(x) dx diverges for p < 1.

For z > e, In(z+1) >Inz >0, [In(x + 1)}’ > (Inx)?,



1

z[lnz]p’

0< f(x) <

Now,

converges if and only if p > 1.

By comparison theorem, f:o f(z) dx converges when p > 1.

In summary;, floo f(z) dx converges for p > 1.

Ans: p>1



