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1. ∣∣e−x − 1
∣∣ < 1

2
⇒ −1

2
< e−x − 1 <

1

2

⇒ 1

2
< e−x <

3

2

⇒ − ln 2 = ln
1

2
< −x < ln

3

2

⇒ − ln
3

2
< x < ln 2.

Since

| ln 2| >
∣∣∣∣ln 3

2

∣∣∣∣ ,
δ = min

{
ln 2, ln

3

2

}
= ln

3

2
.

Ans: C

2.

(A) f ′(x) = 7− sinx ≥ 7− 1 > 0 for all x ∈ R. Hence f is strictly increasing, f has at most

one root. Since f
(
−π

2

)
f(0) =

(
−7π

2

)
·1 < 0, f has a root in

(
−π

2
, 0
)

by intermediate

value theorem.

(B) limx→∞ 7x = ∞ and | cosx| ≤ 1 for all x ∈ R, so limx→∞ f(x) = ∞. Thus f is not
periodic.

(C) f ′(x) = 7− sinx ≥ 7− 1 > 0 for all x ∈ R. Hence f is strictly increasing, f has at most

one root. Since f
(
−π

2

)
f(0) =

(
−7π

2

)
·1 < 0, f has a root in

(
−π

2
, 0
)

by intermediate

value theorem.

(D)
lim

x→±∞
|f(x)− (ax+ b)| = lim

x→±∞
|(7− a)x+ cosx+ b| 6= 0

for and a, b ∈ R. Thus f has no any horizontal/ slant asymptote.

Ans: C
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3. For x 6= 0,

−1 ≤ sin
1

x
≤ 1,∫ |x|1+α

0
−1 dt ≤

∫ |x|1+α

0
sin 1

t
dt ≤

∫ |x|1+α

0
1 dt,∫ |x|1+α

0
−1 dt

|x|
≤

∫ |x|1+α

0
sin 1

t
dt

x
≤

∫ |x|1+α

0
1 dt

|x|
,

q q

−|x|
1+α

|x|
= −|x|α |x|1+α

|x|
= |x|α

limx→0−|x|α = limx→0 |x|α = 0, by Squeeze Theorem, the limit is 0.

Ans: A

4. ∫
xne−x dx = xn(−e−x)−

∫
(−e−x)nxn−1 dx

= −xne−x +

∫
nxn−1e−x dx

= −(xn + nxn−1)e−x +

∫
n(n− 1)xn−2e−x dx = · · ·

= −(xn + nxn−1 + · · ·+ n!x+ n!)e−x,

lim
t→∞

tne−t = lim
t→∞

tn

et
l′H
= 0.

(0 · ∞ → ∞
∞
, n times.)∫ ∞

0

xne−x dx = lim
t→∞

∫ t

0

xne−x dx

= lim
t→∞
−(xn + nxn−1 + · · ·+ n!x+ n!)e−x

∣∣t
x=0

= lim
t→∞

[
n!− (tn + ntn−1 + · · ·+ n!t+ n!)e−t

]
= n!.

Ans: C

5. ∫ 1

0

(
e2x − x

)
dx =

e2x

2
− x2

2

∣∣∣∣1
0

=

(
1

2
e2 − 1

2

)
−
(

1

2
− 0

)
=

1

2
e2 − 1.

Ans: B

6.

(A) The average value of f on the interval [1, 4] is equal to

1

4− 1

∫ 4

1

f(x) dx =
10

3
> 3.
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(B) Let f : [1, 4]→ R such that f(x) =
20

3
(x− 2).

Then

∫ 4

1

f(x) dx =
10

3
(x− 2)2

∣∣∣∣4
x=1

= 10,

and maxx∈[1,4] f(x) = f(4) =
40

3
> 4.

(C) Let f : [1, 4]→ R such that f(x) =
20

3
(x− 2).

Then

∫ 4

1

f(x) dx =
10

3
(x− 2)2

∣∣∣∣4
x=1

= 10,

and minx∈[1,4] f(x) = f(1) =
−20

3
< 0.

(D) If not, maxx∈[1,4] f(x) ≤ 3, then

∫ 4

1

f(x) dx ≤
∫ 4

1

3 dx = (4− 1) · 3 = 9 < 10,

it is a contradiction.

Ans: D

7. The surface area is

S =

∫
2πx dS =

∫ 2

0

2π
(
et − t

)√
(et − 1)2 + (2et/2)

2
dt

=

∫ 2

0

2π
(
et − t

)√
(et + 1)2 dt

=

∫ 2

0

2π
(
et − t

) (
et + 1

)
dt

= 2π

∫ 2

0

e2t − tet + et − t dt

= 2π

(
e2t

2
− tet + 2et − t2

2

∣∣∣∣2
0

)
= π

(
e4 − 9

)
.

Ans: A
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8. Notice that (x, y) = (−1, 1) if and only if t =
π

2
. The slope of the tangent line is

dy

dx
=

dy

dt
dx

dt

∣∣∣∣∣∣∣
t=π

2

=
cos t+ 2 cos 2t

− sin t− 2 sin 2t

∣∣∣∣
t=π

2

=
−2

−1
= 2.

Thus the tangent line is

y − y
(π

2

)
= 2

(
x− x

(π
2

))
,

that is, y = 2x+ 3.

Ans: A

9. Let r1(θ) =
1

2
and r2(θ) = cos 2θ. Notice that

(r1(θ1) cos θ1, r1(θ1) sin θ1) = (r2(θ2) cos θ2, r2(θ2) sin θ2)

⇔
(
θ1 = θ2 and cos 2θ2 =

1

2

)
or

(
θ1 = θ2 + π and cos 2θ2 = −1

2

)
⇔ θ2 =

nπ

2
± π

6
∀ n ∈ Z.

Notice that while 0 ≤ θ ≤ π

6
, 0 ≤ r1(θ) =

1

2
≤ r2(θ) = cos 2θ. Hence the area A is equal

to

8

∫ π/6

0

1

2

[
r2

2(θ)− r12(θ)
]
dθ = 4

∫ π/6

0

[
cos2(2θ)− 1

4

]
dθ

= 4

∫ π/6

0

[
1

4
+

1

2
cos(4θ)

]
dθ =

π

6
+

(
1

2
sin(4θ)

∣∣∣∣π/6
θ=0

)
=
π

6
+

√
3

4
.

Ans: B

10. Let y = (lnx)sinx. ln y = (sinx) ln(lnx), and

y′

y
= cosx · ln(lnx) + sin x · 1

lnx
· 1

x
,

Thus

f ′(e) = y′|x=e = y

(
cosx · ln(lnx) + sin x · 1

lnx
· 1

x

)∣∣∣∣
x=e

= (ln e)sin e
(

cos e · ln(ln e) + sin e · 1

ln e
· 1

e

)
= 1 ·

(
cos e · 0 + sin e · 1

1
· 1

e

)
=

sin e

e
.

Ans: D
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11.

(A)

lim
x→π

4

sinx

x
=

sin π
4

π
4

=
2
√

2

π
.

(B) Since
−1

|x|
≤ sinx

x
≤ 1

|x|
for all x 6= 0, and

lim
x→∞

−1

|x|
= 0 = lim

x→∞

1

|x|
.

By squeeze theorem,

lim
x→∞

sinx

x
= 0.

(C) Since 0 < sinx < x < tanx for 0 < x < π/2, we have that

1 <
x

sinx
<

tanx

sinx
=

1

cosx
.

Because limx→0+
1

cosx
=

1

1
= 1, by squeeze theorem, we have that limx→0+

x

sinx
= 1.

For the similar way, we can prove that

lim
x→0−

sinx

x
= 1.

(D) Since

−1

|x|
≤ sinx

x
≤ 1

|x|

for all x 6= 0, and

lim
x→−∞

−1

|x|
= 0 = lim

x→∞

1

|x|
.

By squeeze theorem,

limx→−∞
sinx

x
= 0, limx→−∞

x− sinx

x
= 1− 0 = 1.

Ans: CD

12.

(A)

lim
x→a
|f(x)| =

∣∣∣lim
x→a

f(x)
∣∣∣ = |f(a)|.
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(B) Let f : (0,∞)→ R such thatf(x) = 1/x for all x ∈ (0,∞), and g : [0,∞)→ R such that

g(x) =

{
f(x), if x ∈ (0,∞),

0 , if x = 0.

Then limx→0+ f(x) = limx→0+ g(x) = +∞, both of f and g have vertical asymptote
x = 0.

(C)

lim
x→a

f(x)− f(a) = lim
x→a

f(x)− f(a)

x− a
· (x− a) = f ′(a) · (a− a) = 0,

thus limx→a f(x) = f(a).

(D) The limit of sinx does not exist as x→ +∞ since sinnπ = 0 and sin
(π

2
+ 2nπ

)
= 1 for

all n ∈ N.

Ans: ABC

13.

f ′(a) = lim
x→a

f(x)− f(a)

x− a
= 1.

lim
x→a

f(x)− f(a)
3
√
x− 1

= lim
x→a

(
f(x)− f(a)

x− a
x− a
3
√
x− 1

)
=

(
lim
x→a

f(x)− f(a)

x− a

)(
lim
x→a

x− a
3
√
x− 1

)
= f ′(a)

(
lim
x→a

x− a
3
√
x− 1

)

=


a− a
3
√
a− 1

= 0, if a 6= 1,

3
√
a2 + 3

√
a+ 1 = 3, if a = 1.

Ans: AD

14.

(A)

lim
x→0

f(x) = lim
x→0

x ln |x| = lim
x→0

ln |x|
1/x

l′H
= lim

x→0

1/x

−1/x2
= lim

x→0
(−x) = 0 = f(0),

f is continuous at 0.

(B) f ′(x) = ln |x|+ 1 = 0 if and only if x = ±e−1, and f ′(x) does not exist when x = 0.

For x 6= 0, f ′′(x) =
1

x
, f ′′(e−1) = e > 0. Hence f has a local minimum f(e−1) = −e−1.

(C) f ′(x) = ln |x|+ 1 = 0 if and only if x = ±e−1, and f ′(x) does not exist when x = 0.

For x 6= 0, f ′′(x) =
1

x
, f ′′(−e−1) = −e > 0. Hence f has a local maximum f(−e−1) = e−1.
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(D)

lim
x→0

f(x) = lim
x→0

x ln |x| = lim
x→0

ln |x|
1/x

l′H
= lim

x→0

1/x

−1/x2
= lim

x→0
(−x) = 0 = f(0),

hence f is continuous at 0.

f ′(x) = ln |x|+ 1 = 0 if and only if x = ±e−1, and f ′(x) does not exist when x = 0. For

x 6= 0, f ′′(x) =
1

x
. Since f ′′(x) < 0 for x < 0 and f ′′(x) > 0 for x > 0, f is concave

downward on (−∞, 0) and f is concave upward on (0,∞). In summary, f has an inflec-
tion point (0, 0).

Ans: ABCD

15.

(A) |x| is continuous,

lim
x→a
|f(x)| = | lim

x→a
f(x)| = |f(a)|.

(B) Just follow the definition of vertical asymptote.

(C)
lim
x→a

f(x) = f ′(a) · 0 + f(a) = f(a).

(D) lim
x→∞

f(x) may not exist. (ex: sinx.)

Ans: ABD

16. Implicit differentiate with respect to x,

3
(
x2 + y2 − 1

)2
(2x+ 2yy′) = 3x2 + y′

⇒ 3
(
12 + 02 − 1

)2
(2 · 1 + 2 · 0 · y′) = 3 · 12 + y′

⇒ y′|(x,y)=(1,0) = −3.

Thus the tangent line to the curve at (0, 1) is y − 0 = −3(x− 1), that is, y = −3x+ 3

Ans: y = −3x+ 3

17.
9x4 + x3 + 6x2 + 5

x3 + 2x2 + x+ 5
= 9x− 17 +

31x2 − 28x+ 90

x3 + 2x2 + x+ 5
,

and

lim
x→±∞

31x2 − 28x+ 90

x3 + 2x2 + x+ 5
= 0.
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So the slant asymptote of f(x) is y = 9x− 17 or 9x− y − 17 = 0.

Ans: 9x− y − 17 = 0

18. Assume
(x− 4)

(x+ 1)(x2 + 4)
=

A

x+ 1
+

Bx

x2 + 4
+

C

x2 + 4
,

x− 4 = A(x2 + 4) +Bx(x+ 1) + C(x+ 1),
x = −1 : −5 = 5A,

x = 0 : −4 = 4A+ C,

x = 1 : −3 = 5A+ 2B + 2C,

⇒


A = −1,

B = 1,

C = 0.

∫ 1

0

(x− 4)

(x+ 1)(x2 + 4)
dx =

∫ 1

0

−1

x+ 1
+

x

x2 + 4
dx

= − ln |x+ 1|+ 1

2
ln(x2 + 4)

∣∣∣∣1
x=0

= (− ln 2 + ln
√

5)− (0 + ln 2)

=
1

2
ln 5− 2 ln 2 (= ln

√
5

4
).

Ans:
1

2
ln 5− 2 ln 2 (= ln

√
5

4
)

19. [Cylindrical shell]

(It is hard to use Disk method:
∫ 1

0
π [f−1(y)]

2
dy.)

∫ π

0

2πxf(x) dx =

∫ π

0

2πx
sinx

x
dx =

∫ π

0

2π sinx dx

= 2π (− cosx|πx=0) = 2π[−(−1)− (−1)] = 4π.

Ans: 4π

20. f(x) >
1

(x+ 1)[ln(x+ 1)]p
> 0 for x ≥ 1.

Now ∫ ∞
1

1

(x+ 1)[ln(x+ 1)]p
dx

u=ln(x+1)
=

∫ ∞
ln 2

1

up
du

diverges if and only if p ≤ 1.

By comparison theorem,
∫∞
1
f(x) dx diverges for p ≤ 1.

For x ≥ e, ln(x+ 1) > lnx > 0, [ln(x+ 1)]p > (lnx)p,
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0 < f(x) <
1

x[lnx]p
.

Now, ∫ ∞
e

1

x[lnx]p
dx

v=lnx
=

∫ ∞
1

1

vp
dv

converges if and only if p > 1.

By comparison theorem,
∫∞
e
f(x) dx converges when p > 1.

In summary,
∫∞
1
f(x) dx converges for p > 1.

Ans: p > 1
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