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1. By implicit differentiation,

5 dy dy
d:r(x +9? —9xy)—3x +3yd — 9y — 9x%—0,
dy B 22 — 3y 4
oy 32~ Yley-ey O

Ans: B

2.y=1—cos =0 & 0=0,21n & x=0—sinf = 0,27. So the volume V =
2 2w
[ dn= [ wtuwza) dt=x [ ) d
0 0

2m 2m
:7r/ (1 —cost)? dt:ﬂ/ 1 —3cost+ 3cos’t — cos’ t dt.
0 0
By Lemma C.R.7,
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[In-depth Coverage]
Here is Lemma C.R.7 (Cosine Ruduction):

For nonzero integer k£ and odd positive integer n,

I:= /27T (cos(k0))" db = 0.

[Proof]

27

Notice that cos(kf#) = cos (k (9 + ?>> for all # € R, so

I—Z/ (cos(kH)) dG—Z/ (cos(k0))"™ db

i 2T
- / (cos(kO))" k df = / (cost)™ dt (t = k0, dt — kdo.)
0 0

3mw/2

— /027r <sin <g — t))n dt = /_W2 (sin(—u))" du (—u:= g —t, du=dt.)

= / (=1)"sin"™ ¢t dt. (sinf =sin(fd +27) V 0 € R.)
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Since sint is an odd function, (sint)” is also (remember that n is an odd number). Hence

]::/m(—1Wsmﬂtdt:O.

-7

Ans: C

d
3. By Fundamental Theorem of Calculus, Y \/cos(2z). The length of the curve is
x

d
w/4 w/4
L:/ \/1—|—(y’)2dx:/ 1+ cos(2z) dx
0 0
w/4 w/4
:/ \/1+(20082x—1)dx:/ V2cosx dx
0 0

/4 2
= V2sinzx :\/§-£:1.
=0 2
Ans: B
4.
dy y'(t)  4cos(4t)
dr  o'(t)  —2sin(2t)
cos(4t) =0, o 4t = g +mm, m € 7,
sin(2t) # 0 2t £nm,n € Z
2
& t= g + % meZ & (x(t),ylt) = (:I:i,:ﬂ)
Ans: B

5. Clearly, f is differentiable on R — {1}. Now, f is differentiable at = = 1 if and only if

{limng— f(z) = lim, 41+ f(x) (f must be continuous at x = 1)

fL(1) = (1)
a$3|x=1 = '1’2 + b|x:1
, x) — f(1 . ar® — a
N lim, ;- % = lim, - ; _g = 3a b
rz—1 z—1

a=1+b 2 1
& RIS by=1(=,—=].
{3a::2 (,9) (3’ 3)

Ans: A



6. Let F(x) = [; sin (t?) cost dt. By Fundamental Theorem of Calculus, F'(z) = sin () cos .
Apply L’HO pital’s Rule,

Ve F
lim :c3/2/ sin (tQ) cost dt = lim (\/E)
0

z—0+ r0t  3/2
b F'(\/z) - s271/2 . 1sinz cos(v/7)
20+ %xl/Q z—0+ 3 X
1 1 (\/6) 1
=—--1-cos = .
3 3

Ans: C

7. First, notice that 0 < |27%sin(7z)| < 27 and

o 1
/ 27 %dr = 277
0 —In2

By comparison test, [;~ 27" sin(mx) d converges.

|

In2’

=0

Now, for any integer k,

k k
/k1 27%sin(nx) dr = /kl 27" (=1 sin[rz — (k — 1)7] da
_ (—1)k—1/k 2= sin{rlr — (k — 1]} da

-1

1
= (—l)k_l/ 27+ =Dlgin 7t dt  (shifting/changing of variable)
0

1\ k1
= (—1)ktg=k-Dy = <——) a.

2
Hence
/ 27%sinmxr dxr = lim 27%sinx dx
0 n—oo 0
n k n 1 k—1
=1 27" ¢ de = 1i ——
tn Y [ s ds ng&2< 2) o
k=1 k=1
1-(1—(=1/2)" 2
= lim « - [ ( /)]:—a.
n—00 1-— (—1/2) 3
Ans: C
. T 1 . slnr—x+1 .
8. L := hmxﬁl (gj 1 - m) = hmle m Since

lim, ,y(zlnx—2z+1)=1-In1—-1+1=0,
lim, ;(z —1)lnz=(1—-1)-In1=0.



By L’H6 pital’s rule,

. Inz+ax-(1/z)—1 . xlnz
L =lim = lim ———
eo1lnz+ (x—1)-(1/z) 2=>1zlnz4z—1
Inz+1 Inl1+1 1

lm f— pr .
z=1lne+14+1 In1+1+1 2

Ans: B

. Set
I =lim, e ) iy
n

. n
Lo =limg e )i,

Ay
—1

1

+/( i
1

n+ /(i )2’
1

- =lim, ,o ?, R
- Zfln%—\/i—2

- 1
=l d
=l n+n (Z:L2)
| 1 "1 1 L d
Y > [
n—00 4 n (i—1)2 n—00 4 nl+4 = 0 1+2x
=1 1+ Tz =1 n

d
Similarly, I_ = fol ] f .
x

1

d

I=1, =1 :/ 1+$x = In(1+),_, = In2.
0

Ans: B

. Let f(x) = 5x 4+ 3sinx + 9. Then f'(x) =5+ 3cosz € [5— 3,5+ 3] for all real z. So
f'(x) > 0 for all real x, f is strictly increasing on the real line. That is, f has at most
one root.

Now,

f(=3)<5-(=3)+3-1 +9 =-3<0,
-)>5-(-1)+3-(-)+9 = 1>0.

f(=1)

By Intermediate Value Theorem, there is a real number ¢ between —3 and 1 such that
£(e) =0,
Ans: B



11. From integration by parts, we have that
1 1
e [Cafaydo = o {0 =2l — [ —f0-2) do
0 0
1
= —£(0) —i—/ f(1—x) dx.
0
Now, by changing of variable, set t = 1 — x, then dt = —dz, and
0
=5+ [ 7t (-1) a
1
1
)+ [ (0 dt = ~5(0) = f(-0) =0
0

Ans: CD

12.

Todt
A) Let F(x) = vV z € R. Clearly, F(z) and 2? are both continuous on R, f(z) =
o L+t
F(2?) is also.

(B) For any ¢ € [—1,1]\{0},

® gt 52
f(9) /0 T _/O =g 0=/

So f(0) = 0 is a local minima.

(€) .
f(z) = (2°) F'(2%) = 1+ (22)F
" _2-(1+x8)—2m-8x7_ 2 8
So

f"(z) >0 & 1-T8>0 & z € [—c],
f'(x) <0 & z€(—o00,—c)U (c,00)

where ¢ = 77Y/%. Hence f is concave up on [—c, c], and f is concave down on (—o0, —c] U
[¢, 00).

(D) From (C), we know that f has two inflection points (%c, f(c)).
Ans: AC

13.

(A) Let f(x) = 2* and g(x) = 222
Then 0 < f(z) < g(z) Vo #0. Bt L=0*=0=2-0?= M. (In fact, L < M.)



(B) Since 0 < ||f(x)| —|L|| < |f(z) — L| and lim,_o f(z) — L = L — L = 0, by squeeze
theorem, lim, ¢ | f(z)| — |L| = 0, lim,_o |f(x)| = |L|.

1 ifx=0,

(C) Let f(z) =0V 2z e€R, and g(z) = {O it 20,

Then L = lim,_,o0 = 0.

limg (f(z)) =limg(0) =lim1 =1,

z—0 z—0 x—0

M =limg(x) =1lim0=0# 1.
z—0

z—0

L =1lim f(z) =lim g(z) = M.

x—0 z—0

Ans: BD

14.
(A) The surface area S =

/27Ty dsS = /27ry\/ 1+ (y)?dx = 27?/ sinzV'1 4+ cos? z dx.
0
(B) Let f(z) = coszV1+ sin”z. Since

{sin(ﬂ —x) =sinz,

cos(m —x) = —coszx

Thus f(r —2) = —f(),

I := 27r/ cosxV 1+ sin? z dz
0

=2 /Oﬂ/2 f(z)de + 7; f(x) da:)

=2 /Oﬂ/Qf(x)d:c—i—/W;—f(w—:c)dx)

w/2 0
P / f@de+ [ f) da;) —o.
0 w/2

But the surface area should be positive.

(C) The surface area S =

/27ryd5 = /27ry\/1 + (y')? dzx = 27r/ sinxvV 1+ cos? x dx.
0
Let tan = cosz, then sec? 0 df = (— sin z) du,

6



(tan @y, tan 0,) = (cos0,cosm) = (1,—1) = (6,,0,) = <z, —z> :
4" 4
By changing of variable,

—7/4

S =2r \/1+tan29(—se020)d9:27r-2/

™
w/4 0

(V1 + tan?f(sec? #) = sec® f is an even function.)

w/4
90)

/4
sec® 6 do

1 1
=272 <§se09tan9+ §1n|se69+tan9|

=27 (\/5—1- In(v/2 + 1)) .
(D) See (C).
Ans: AC
15.
(A) For f(z) = arctanz, f'(r) =1/(1+2?) € (0,1] V x € R, lim, ., f(x) = g

(B) Let f’(0) = m > 0. Since f"(x) > 0V x € R, f’ is strictly increasing on R, f'(p) >
f(0) =m >0 for all p > 0.

Now for x > 0, by mean value theorem, there is a ¢, € (0, ) such that

f(x) = f(0) = f'(c.)(x = 0),  f'(c) > f'(0) =m > 0.
So

lim f(z) = lim f'(c;) -2+ f(0) > lim maz + f(0) = .

(C) Let f(z) = —e*. Then f'(x) =e™* >0, f"(x) = —e* < 0. lim,_, f(x) = —0=0.

(D) Let f'(0) = m > 0. Since f"(x) < 0V x € R, f"is strictly decreasing on R, f'(d) >
f(0) =m >0 for all d < 0.

Now for < 0, by mean value theorem, there is a ¢, € (z,0) such that

f(@) = f(0) = f'(c.)(x = 0),  f(cz) > f'(0) =m > 0.
So

lim f(z)= lim f'(c;) -2+ f(0) < EEn mz + f(0) = —o0.

T——00 ——00

Thus for all M € R, there must exists a real number z,; such that f(zy) < M.

Ans: BD



16. Notice that f(z) = foﬁ VI Jr dt. Set u = /.
Then du = y/z dt. By changing of variable, f(z) = [ e du.
By fundamental theorem of calculus, f/(x) = e”".

2

Ans: €7
17. .
lim m: lim 14+sin—=1+sin0=1.
r—too X r—Fo0 X
Now,
1 in(1
lim f(z)—1-z= lim zsin— = lim sin(l/z)
r—Fo0 r—to0 x r—+o0 1/37
int 1 1
= lim ' (==, lim - =limt=0) = 1.
t—0 ¢ T z—Foco I t—0
Soy=1-24+1=2x+1is the slant asymptote.
Ans: y=ux+1
_ .2 _ —
18, r =y —I—B@ Y v 3'
y >0 r >3
r =y*+3
To find the point of intersection, vz e @y =(#1).
v =g
The area =
4 4
/\/—de—/ r—3dx
0o 2 3
4 4
= 1I3/2 _ 2( _3)3/2
3 x=0 3 r=3
_8_2_,
3 3
Ans: 2
19.
22?2 +3)2 —22-2(22+3) - 22
f/(x): ( ) 5 (2 )
(224 3)
2 —1
(=6) 243 .



20.

Thus melﬂrg f(z) =min{f(£1)} = —%.

1
Ans: ——
8

Let

CaseI: 2—a > 0.
For x > 2 > a,

fz

f@

) >

x a  (2—a)xP+zr—a
224+1 2041 (224122 +1)°

) =

2—a)x*+z—a _(2—a)x®> 2—al

> = > 0.
(22 4+ 22) (22 + x) 62 6 =

Since f;o %dm diverges, by comparison test, f;o f(z) dx diverges.

Case II: 2 —a < 0.

For z > 1 with z >

a —

2 -2
5 > 0, (GT) x > 1, and thus

(a—2)2*—x+a
(22 + 22)(2 + x)

—f(z) >

“a () [(5) )

1 a—2\ 4 a—21
> — - = - > 0.
( 2 )x 12z

Similar to the case that 2 —a > 0, [ —f(z) dz diverges, [;° f(z)dx diverges.

Case III: ¢ = 2.

For x > a,

o 1
Since fa 5.2 dr =
x

Ans: 2

0< f(x) T —a < x 1
x) = = —.
(@2+1)(2z+1) 22-(2z) 222
1 o oo
50 by comparison test, [~ f(x) dx converges, [~ f(x)dx converges.
a



