SUGGESTED SOLUTION FOR COMPREHENSIVE ASSESSMENT OF
CALCULUS (I) IN WINTER, 2019 (107-1)

TAN UI-TSIAT
ABSTRACT. This text is a document of suggested solution for comprehensive assessment of Calculus (I),

which is held on January 9th, 2019. It happened during the first semester on 107th academical year.

Question 1. [06.5-S-%] For z > 0, let f(z) be the average value of e~* on [0,z]. How many critical
numbers on (0, 00) does f have?
o ®m1; @2 M 3

, 1T, 1/ " 1—e®
Solution 1. f(x) = - e tdt= —( —e = for z > 0.
0

o). —ay n o . i
f(z) = 3 = 2 =0& (z+1)e"-1=0& z+1=¢".

Set g(xz) = €* — (x +1). Then g(0) = 0 and ¢'(z) = e* —1 > 0 for x > 0. By Mean Value Theorem, for
any x > 0, there exists a ¢ € (0,z) such that g(x) — g(0) = ¢’(¢)(x — 0) > 0. Thus e* > z + 1 when z > 0,
f'(z) <0 for all x > 0.

Ans: (A).

Question 2. [03.6-5-%] Let f(z) = (1 + %)l/z, where a # 0. Then f'(a) =

21/a 21/(1 21/0, 1 21/a 1
W S ® -5 (© - (11122), ® - <ln2+2).

2a2’
Solution 2.
1 T+a
In f(z) = ;ln . )— [In(z 4+ a) — Inz]
d _flx) -1 1ri 1
dx[f(x)] ) e+ a) ]+ 1 |-
-1 LI R G VY i 1
= f(a {( 2)ln2a lna}+a(2a a)}—Z (a2)<ln2+2>.
Ans: (D).
3—x R
Question 3. [05.3-S-%] Let f(z) = / e’ dt. Then (f~1)(0) =
2x
-1 1 -1 1
() 3o10 (B) o © poant (D) o

Solution 3. Notice that e!” > 0 for all t € R. So fle)=0&3—-2=2r<z=1; f'(0) = 1. By Inverse

Function Theorem, (f~1)'(0) = f’tl)' Set g(x) = / e~ dt for all z € R. Then f(z) =93 —2x) —g(2x).
0
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By Fundamental Theorem of Calculus, ¢'(z) = e~*". From Chain Rule, we obtain that
f/(l‘) _ e(3—1)2 . (3 _ Jj)/ _ 8(21)2 . (21:)/ — _8(3—90)2 _ 26(21)2’

Therefore, f'(1) = ~3¢, (/1)(0) = —%
Ans: (A).
Question 4. [07.4-S- ****] The value of — 2’ 207 41 dz is
r(2? +1)2
—2 Ly Ly

Solution 4. x —x3+2x +1 = (22 —|—1) — a3 —(x +1)2 — z(2? —|—1)+x. Thus

et =2+ 222 +1 (2 +1)? -2+ 1)+ 1 . 1
z(x2+1)2 x(x? 4+ 1)2 22 +1 (224 1)2

So we will separate it into three parts. Clearly,
V3 v3
/ —dr=Inz
1 X
z=1

To solve the third part, we apply changing of variable, set x = tanf. Then dz = sec? 0 df), (tanfy,tanf,) =

(1,v3) < (61,02) = (m/4,7/3).

V3 w/3 2 /3
1 sec” 0 9
/ de/ Wd"/ cos=0db
1 w/4 w/4

1
oz

Vi
=Inv/3, and / dr = —tan" 'z
1 1422

x=1

/3 29 _ /3 . /3
:/ 2cos® 0 1+1d9:/ 00529+1d0: sm(2¢9)+g
" 2 2 o 2 2 4 21
1 1 1
(L3 m) (L T3, 7L
4 2 6 4 8 8 24 4
™ V3 f 2
Thus the value is ln\[+(12)+<8+244> =1InvV3 — 3

Ans: (C).

Question 5. [06.3-S-%] The region bounded by curves y = e *, y = 0, x = 0 and x = 1 is rotated about

the y-axis. Then the volume of the resulting solid of revolution is

(a) g(l —e?); @ 2m(1—2¢71); (@ 2r(1—e'); D 7 (V2+In(1+v2)).
Solution 5. By shell method,

V= /01 2rx f(x) de = /01 2nxe” " dx =2n(—x — 1)e” =21[—2e7! — (=1)].

=0
Ans: (B)
foac (fOSint V14 u? du) dt
Question 6. [05.3-S-%% % %] The limit 1111% — =
r— an- r

o, ® %; (€) 1; (D) Does not exist.

sint
Solution 6. Let f(u) = v1+wu? and g(t) = / f(u) du. Then both f and g are continuous on R. By
0
Fundamental Theorem of Calculus,
d X

e g(t) dt = g(x) and 4 g(t) = (sint)'f(sint) = cost\/1 + sin® ¢

dt



Now, by L’Hopital’s rule,

Jy (™ VI+u? du) dt
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lim 5
z—0 tan“ x
’ ’ ]_
L:H 12 . 1 g(l’) L: T 1

(B).

Ans:

z—0 2sinx cosx

= lim cos“ x
x—0

cosxvV 1+ sin® x

o o g(t) dt

sin? z

1
CcOs T 2

-1 + sin? O:;

Question 7. [10.1-S-% %] Which pair of parametric equations represents the graph below?

14+

54
14
T = cos 0, = sin(36), =0 —sind, T =sind,
(a) SN ¢:)) ;o (O ;o (D)
y=0+sind Yy = CoS y = cosf y = sin(26)
Solution 7. (A)
sz@G:ngmr, nEZéy:g+mr+(—1)”7é0, n € Z.
(B)
4 —-1++3
x:0@9:%7 nEZ:y—COS%—T\forl#O, n e .
©
™ ™
y=0<:)9=§+n7r, n€Z=>y=§+n7r—(—1)"7é0, n € 7.
D) (x,y) =(0,0) & 0 =nm, neZ.
Extreme 0 d(0) = (z,y) = (sin b, sin 20)
max S+2nm, neZ (1,0)
minz || =% +2n71, n€Z (-1,0)
2
max y I—i—mr, nez i£,1
4 2
2
min y —E—ﬁ—mr, nez (j:\[,—l>
4 2
Ans: (D).

Question 8. [05.1-S-% % %] The greatest integer function [z] is a function from R to Z with z —1 < [z] < «.
2

The value of/ [2%] dx is
0

8

(4) = (B) 1;

3 ) 77—

V2 - V3

(D) 5—+2—+/3.
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Solution 8. Notice that 0 < z < 2 = 0 < 22 < 4. Moreover, for anyz>0andneZ,n—-1< 2 <ne

vn—1< 2z </n. Thus

[t [t [Titans [ v o [fpn

1 V2 V3 2
:/deJr/ 1dx+/ 2dx+/ 3 dx
0 1 V2 V3

=0+ (V2-1)+2(vV3-V2)+32-V3) =5-v2- V3.
Ans: (D).

Question 9. [05.3-S-% %] Let f be a continuous function on R satisfying f(z) = x_5/ (1 —cos(t?)) dt
0
for  # 0. Then f(0) equals

1
4 3 €:)) ©

1
= S D) —.
5’ 10’ (D) 20

Solution 9. Since f is continuous at 0, lin%) f(z) = f(0). By L’Hopital’s rule and Fundamental Theorem of
z—

Calculus,

) . Jo 1 —cos(t?) dt yg . 1 —cos(z?)
N

i 1— (1-2sin*(22/2)) _2 lim sin(22/2) >
z—0 Y 5 2—0 2
2 (1sin(z2/2)\° 2. (1sing\” 22
553%(2 22/2 5emo\2 0 bet 6=

_2 (L)L

-5 \2 10

Ans: (C).

Question 10. [06.2-S-% %] The base of a solid S is the region enclosed by curves y = secz, y = tanz,
2 =0 and & = w/4. The cross-sections perpendicular to the z-axis are squares. Then the volume of S is

(M) 4—2V2—-7/2; (B)4—+2—7/2; (C)4—2V2—7/4; (D) 4—+2—7/d

Solution 10. The length of edge of square at x = « is seca — tan «. So the volume of S is

/4 /4
V:/ (secx — tanz)? dx:/ sec’ x + tan® x — 2secx tanz dx
0 0

w/4

/4

:/ (2sec’ x — 1) — 2secztanx do = 2tanz — 2secx —
0

=0

T ™
:(2—2\/5—1)—(0—2—0)=4—2f—1.
Ans: (C).

Question 11. [05.2-M-%] Which of the following statements are true?
(A) If both il—>mo f(x) = 0o and }% g(x) = oo hold, then it follows that il—>mo (f(x) —g(z)) =0.
(B) The equation 2!° — 1022 + 8 = 0 has a root in (0, 10).
(C) If | f| is integrable on [0, 1], then so is f.
(D) Every continuous function defined on R has at most two horizontal asymptotes.
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Solution 11. (A) For any ¢ € R, set g(z) = f(z) — ¢ near 0 and }1_% f(z) = oo. Then ilir%)(f(x) —g(x)) =
iii%c =c

(B) Let f(z) = 2! — 1022 + 8. Then f(0)f(1) =8-(—1) < 0. By Intermediate Value Theorem, f(c) =0
for some ¢ € (0,1).

1, if x € Q,
(C) Set f :[0,1] — R such that f(z) = Q Then f is non-integrable on [0, 1] (since the
-1, ifx ¢ Q.
Riemann sum diverges), but fol |f(x)] de = f01 ldz=(1-0)-1=1.
(D) y = cis a horizontal asymptote of f if and only if lim f(z) =cor lim f(z)=c.
T—r 00 r—r—00

Ans: (B) (D).

Question 12. [04.5-M-%% %] The figure below shows graphs of f, f’ and f”. Which of the following

statements are true?

Curve A

®
(+5)

-1 0 9 10 11 12
o] Curve C
44
—6-
/

(A) The curve B represents the graph of f.
(B) f attains a local maximum at z =5.  (C) f is concave upward on (0, 5).

(D) The largest slope of the graph of f on [0,10] is happened at z = 5.

Solution 12. Suppose that g and h are corresponding to the curve B and C| respectively. Then h has local
extreme values at = 4 and x = 6, h'(4) = h/(6) = 0, I’ is not corresponding to any curve in the figure. g
has two inflection points, so g” has two zeros, which is also not corresponding to any curve in the figure. In

summary,

Function H f ‘ I’ ‘ §ad
Curve HA‘B‘C

In fact, f(z) = 3v/3tan™! (z\/;)
Ans: (C) (D).

Question 13. [07.8-M-%% %] Which ones are convergent?

< 1 1/2 1 b /[sinz Lsin/z
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Solution 13. (A)

S S | SN
5 z(lnz)3 T (n2)?|,_, \ 2/ [0 (In2)2] 2(In2)%
(B) Since
1 4 4(1 3
lim a:(lnx)4 = lim (Inz) LA M = lim (—4)x(lnw)3 =...= lim 24z =0.
z—0t rz—0t 1/I r—0t *1/582 z—0t r—0t

1
For some § > 0, z(Inz)* <1, ——— > z while 0 < x < §. Thus
(Inx)*
0< <6:7>£—1>0
* 22(lnz)t ~ 22 2 ’

o]
/ — dx = lim <1nx
0 X t—0+

By Comparison test, the improper integral diverges.

§
> = lim In§d — Int = +oo.
x=t t—0+

(©

1 1
1 _ 1 _ 1/3 1 _
/1|x|2/3 dx—Q/O 273 dr = 6x o = 6.

By Comparison test, the improper integral converges.
(D)
0
ogmgléogﬁglgg:ogsinﬁgﬁ.
1
=2.

=0

So
. 1
0< VT VT / L oz
0o VT

o T T
By Comparison test, the improper integral converges.
Ans: () (C) (D).

Question 14. [04.1-M-%% %] Which of the following statements are true?
(A) If f is differentiable and increasing on R, then f(x) > 0 for all z € R.

(B) If f(z) has a critical point at = = ¢, then f’(c) = 0.
(C) If f(¢) is differentiable on (0, 00) and has a limit as ¢ — oo, then tli}m ') =0
o)

(D) A continuous function on [a, b] attains its absolute maximum.

Solution 14. (A) Clearly, f(x) = x is strictly increasing and differentiable on R, but f(—1) = —1 < 0.
(B) f(x) = |z| has a critical point at « = 0 since f is not differentiable at « = 0. Notice that

FO+n) ~FO) |

. f(0+h)— f(0) .
1 _ <=1 1
ho+ h 7 hes0- h
1
lim f(t) = 0 by Pinching
t— o0

1
— and lim — = 0, so
t t —

sin(#2
51n( )7 t > 0, we see that |f(t)| <
t —00

(C) For f(t) =

Theorem. Now,
_ 2tcos(t?) - t —sin(t?)

70 . ,
lim v2nm =00 and lim f(V2n7) = lim 2cos(2nm) =2 # 0;
n—oo n—oQ

n—r oo
-1
lim ,/2n7r+g:ooand nli_}rr(;)f’ (,/27177—}—7;) :nli_)rréo27”1_7_“1_/2 =0

n—oo
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Thus 75lim f/(t) does not exist.
— 00
(D) treme Value Theorem.
Ans: (D).

Question 15. [03.3-M-% %] Consider the function

rcosx, if z is rational,
fla) =

sinx, if x is irrational.

Which of the following statements are true?
(A) f(x) is continuous at  =0. (B) f(x) is differentiable at x = 0.

(C) f(x) is continuous at infinite many points. (D) f(x) is differentiable at infinite many points.

Solution 15. (A) Notice that |sinz| < |z| for all z € R. Hence |f(z)| < |z| for all z € R. lil%|l’| = 10| =0.
z—
Thus lin%J f(z) = 0= f(0) by Squeeze Theorem.
z—

(B)
fl@) — £(0) |cosz —1], z€Q,
’ ~0 —1‘— sinx
T - -1, z¢Q.
— f(0
oty [FEI0 [ o)

(C) Suppose that f is continuous at « € R. For any {¢,}52; € R\Q and {r,}>2; C Q such that

lim ¢, = lim r, = a, we see that le flan) = li_>m f(rn) = f(a). Thus

n—oo n—oo
lim r,cosr, =acosa= f(a),
n—oo
lim sin g, =sina = f(a).
n—oo

Therefore, acosa = sina. Let g(z) = xcosxz — sinaz. Then for any k € Z, g(Zlmrfg) =1>

0 >g (2k;7r+ g) = —1. Clearly, g is continuous on R. By Intermediate Value Theorem, there are

¢ € (2k7r = g, 2k + g) such that g(c;) = 0. For any {z,}52,; C R such that lim z, = ¢, lim g(x,) =
n—oo n—oo
g(ck) = 0. Thus

lim =z, cosx, = Cj COS C,
n—oo

lim sinz,, = sin cg,
n—oo
cpcoscg =sinc, = f(ek).

Hence, lim f(x,) = f(ck), f is continuous at ¢ for every k € Z.
n—oo
(D) Let f be differentiable at «. Then f is continuous a. Let {¢,}>2; C R\Q and {r,}>2; C Q such

that lim ¢, = lim r, = a. we see that
n—oo

n—oo
lim f(¢,) = lim sing, =sinq;
f(Oé) — n—o00 n—o00
lim f(r,) = lim r,cosr, = acosa.
n—0o00 n—o00
Now,
i L) =S s st o vl s,
f’(a) _ ) qn — & n— 00 qn — & —a
lim flrm) = fla) - lim [nC08Tn T XS (xcosx)’ = cosa — asina.
n— 00 Ty — Q n—00 rn — Q& =
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sina = acosa,
So a=0.

cosay = cosa — asin .
Ans: (A)(B)(C).

Question 16. [08.1-S-%] The length of the parametric curve x = cosf, y = 0 +sin6, 6 € [0, 7] is
2 ®4 © V2 O 2v2

Solution 16. The length =

/7r V(@'(0))2 + (y'(0))2 db = /7r V(=sin8)2 + (1 4 cos )2 df = /7r V24 2cosf df
0 0 0

i 0 g 0 0"
:/ \/2+2(2c082<)1) d@z/ 2cos — df = 4sin —
o 2 o 2 2

Ans: (B).

=4.
0=0

Question 17. [03.5-S-%] The equation of the tangent line to the curve ysin(2x) = x cos(2y) at the point
(r/2,7/4) is y = ma + b. Then (m,b) =

1 s 3T 1 « 1
) (2,0), ®) (0, Z)’ © <1,4>7 D) (W,42>.

Solution 17. By Implicit Differentiation,

y' sin(2z) + vy - 2 cos(2x) = cos(2y) + x -y - (—2) sin(2y),
, _ cos(2y) — 2y cos(2x)
 sin(2x) + 2z sin(2y)

if sin(2x) + 22 sin(2y) # 0.

So
m—y (T) = o) =2y cosr) -2,
2 sin(2w) + 228i(2Y) |4 )= (rj2,m/a) 2
b=y —m| )= (x/2.n/0) = O-
Ans: (A).

Question 18. [03.2-S-3% % k%] Let f(x) and g(z) be polynomials of the third degree, and f(z)—g(z) =
23 + ax® + bx + ¢, where a, b, ¢ are real numbers. Assume that f(x) and g(x) are tangent to each other at
x = 1. Moreover, f(z) and g(z) only intersect at x = 1. Then (a,b,c) =

A (-3,3,-1); @ (3,3,1); (© (1,-1,-1); (@) —1,-1,1.

Solution 18. Since f(x) = g(x) if and only if x = 1, f(x) — g(z) = (x — 1)p(x) for some quadratic poly-
nomial p. Moreover, f(x) and g(z) are tangent to each other at = = 1, so f/'(1) = ¢'(1), f'(1) — ¢'(1) =
p(z) + (z — 1)p'(z)|,—, = p(1) = 0. Thus p(z) = (x — 1)(z — ¢). But f(z) — g(z) = (x — 1)*(x — ¢) = 0 has
only one root x = 1. Hence ¢ = 1, f(z) — g(z) = (z — 1)3 =3 —322 + 32 — 1.

Ans: (A).
|62 — 1] — 62+ 1]

Question 19. [02.3-S-%] The limit lin% .
T—
(A) Dose not exist;  (B) 12; (C) —12; (D) 6.

1 1
Solution 19. Notice that 6z — 1 > 0 if and only if z > 5 and 6x + 1 > 0 if and only if z > ~5 Thus

— 1| - 1 1-— — 1 —12
lim |6 | — |62 + 1]  lim (1—-6z)—(6z+1) — lim x

z—0 €T x—0 x x—0 x

= —12.

Ans: (C).
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Question 20. [06.1-S-%] The line y = ma cuts the region bounded above by the curve y = z(1 — ) and
below by the z-axis into two parts. Then, the areas of the two parts are equal when m is
1 1 1 1
A = B)l-—-= @ z4+—=; O z—-—=.
2 2 2 2V2 2 22
Solution 20. Suppose that y = ma and y = 2(1 — ) intersects at (o, 8) ma=a(l—a) =8, a=0o0r 1 —m.

Thus the area of one part is

Ans: (B).
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