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Q1 the answer:

(a) By the implicit differentiation, we have

2x(x+ 2) + x2 = 2yy′ or y′ = x(3x+ 4)

2y
, if y ̸= 0. (2pts)∗1

Therefore, y′ = 0 implies x = −4/3 or x = 0. Putting x = 0 into the equation of C, we have y = 0.
Note that C cannot produce a horizontal tangent of C at (0, 0) (see Figure 1). Putting x = −4/3

into the equation of C, we obtain y = ±4
√
6

9 . Hence, C has horizontal tangents at(
−4

3
,±4

√
6

9

)
or
(
−4

3
,±4

√
2

3
√
3

)
. (3pts)∗2

Remark 0.1.
(*1) 若學生沒有使用 the implicit differentiation, 而是考慮 y = ±x

√
x+ 2 並得到正確的 y′，即

y′ = ±
(√

x+ 2 +
x

2
√
x+ 2

)
,

仍可得到第一部分的 2 分。
(*2) 若學生最後答案為 (−4

3 ,±
4
√
6

9 ) 與 (0, 0)，即沒有排除 (0, 0)，則第二部分的 3 分僅得 2 分。

(b) The area enclosed by the loop is

2

∫ 0

−2
−x

√
x+ 2dx or

∫ 0

−2
−x

√
x+ 2− x

√
x+ 2dx. (2pts)

By u-substitution and a careful calculation, the area is

−2

∫ 2

0
(u− 2)

√
udu = −2

(2
5
u5/2 − 4

3
u3/2

)∣∣∣2
0
=

32

15

√
2. (3pts)∗3

Remark 0.2.
(*3) 在已得到第一部分 2 分的前提下，若最後答案錯誤但有正確的 substitution form

−2

∫ 2

0
(u− 2)

√
udu,

則仍可得到第二部分 3 分中的 2 分。
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Q2 the answer:

(a) Set x(t) = e−t sin t and y(t) = e−t cos t. Note that
x′(t) = e−t(− sin t+ cos t), y′(t) = e−t(− sin t− cos t). (2pts)

This implies
ds =

√
(dx)2 + (dy)2 =

√
2e−tdt, (1pts)

and, hence, the length of {γ(t)|0 ≤ t < ∞} equals∫
ds =

∫ ∞

0

√
2e−tdt =

√
2. (1pts)

(b) The desired surface area equals∫
2π|1− x|ds = 2

√
2π

∫ ∞

0
(1− e−t sin t)e−tdt. (2pts)

Since e−t sin t ≥ −1, one has∫ ∞

0
(1− e−t sin t)e−tdt ≤ 2

∫ ∞

0
e−tdt = 2 < ∞. (2pts)

This implies that the surface area is finite.
(c) By the formula of x′(t) and y′(t) (see Part (a)), one has

dy

dx
=

{
1 at γ(π/2) and γ(3π/2),
−1 at γ(π) and γ(2π).

(4pts)

As a result, the desired area equals
|x(π/2)− x(3π/2)| × |y(π)− y(2π)|

2
=

(e−π/2 + e−3π/2)(e−π + e−2π)

2

=
e−3π/2(1 + e−π)2

2
. (3pts)#

Remark 0.3.
(#) 面積有另外兩種計算方式。首先，這四條切線分別為

L1 : x− y = e−π/2; L2 : x+ y = −e−π;

L3 : x− y = −e−3π/2; L4 : x+ y = e−2π.

因為該四邊形為矩形，面積為 L1 與 L3 的距離乘以 L2 與 L4 的距離，亦即

e−π/2 + e−3π/2

√
2

× e−π + e−2π

√
2

=
e−3π/2(1 + e−π)2

2
.

另一種算法是找出四邊形中的任意三個頂點（四個頂點座標如下），例如 P,Q,R。

P =

(
e−π/2 − e−π

2
,
−e−π/2 − e−π

2

)
; Q =

(
−e−3π/2 − e−π

2
,
e−3π/2 − e−π

2

)
;

R =

(
−e−3π/2 + e−2π

2
,
e−3π/2 + e−2π

2

)
; S =

(
e−π/2 + e−2π

2
,
−e−π/2 + e−2π

2

)
.

則面積為

PQ×QR =
e−π/2 + e−3π/2

√
2

× e−π + e−2π

√
2

=
e−3π/2(1 + e−π)2

2
.

無論用何種方法，有完整呈現面積計算方式者得 2 分（不完全者得 1 分），最後有正確計算出面積
者得第 3 分。
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