SUGGESTED SOLUTION FOR COMPREHENSIVE ASSESSMENT OF
CALCULUS (II) IN WINTER, 2020 (108-1)

TAN UJ-TSIAT

ABSTRACT. This text is a document of suggested solution for comprehensive assessment of Calculus (I), which is

held on January 8th, 2020. It happened during the first semester on 108th academical year.

Question 1. [03.6-S-% %] The limit lin%) (cosz — sinz)'/ 7 g
z—
Ao M1 @e (el

2 .
. . . cosx—1 x Lo . sinz . tanzx .
Solution 1. Since lim ———— = —= cosx =~ 1 — — near 0. Similarly, lim = lim =1,sinx =~ tanx ~
z—0  x2 2 2 =0 z—=0 T
x near 0. Therefore,
.’172 1/z
. N1/t . . 1 -
llm(cosx—81na:)/dn$:11m l—z—— :hm(l—x)/x:el.
x—0 z—0 2 x—0

Ans: (D).

Question 2. [06.3-S-% %] Let R be the region enclosed by y?> —y + x = 0 and # = 0. The volume of the solid
obtained by rotating R about the line y = 2 equals
(A) /4. B w/2. () w. (D) 3w/2.

Solution 2. Note that x = —y%2 +y >0 < 0 <y < 1. By shell method,
1

[V

1 1
1
VZ/ 2ﬂl2—yl(—y2+y)dy=27r/ y3—3y2+2ydy=27T(4y4—y3+y2>
0

0 y=0

Ans: (B).
Question 3. [02.5-S-% % %] Consider the following functions.

0, z=#0, Z cosx, x #£0,
flx) = ;o og(@) =
1, x=0. 1 z=0.

Which of the following statements is TRUE?
(a) ig% flx)y=1. @ ign})g(m) =1 () ili% g(f(z)) =cosl. (D ili% f(g(z)) = 0.
Solution 3. (A) lim f(z) = lim 0 = 0.
x—0 z—0

(B) lim g(z) = lim z cosx =0-cos0 = 0.
z—0 z—0

©

g(1), x=0. cos 1, x=0.
Thus lim g(f(z)) = lim 1 = 1.
z—0

z—0
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(D) Notice that zcosx =0 < xz=0or g + km, k € Z. Now,

f(zcosz), x #0, 1, x:z—&—k‘w,kEZ,
fg(z)) = = 2
fa z =0. 0, otherwise.

Hence lim f(g(z)) = lim 0 = 0.
z—0 z—0
Ans: (D).

Question 4. [08.1-S-% %] The length of the curve y = In(cos z) from (0, 0) to <7T

1
—=1In2 1
13 )equas

W) In(v2+1). B In(2v2+1). (C)ln<\2+1). (D) 1.

Solution 4.
/ smx
ds = V1 2dx =
/ °T / e / cos &
/ V1 + tan? ;vdx—/ |secm|dx—ln|secx+tanx\ —n(\/i—&—l).
=0
Ans: (A).

Question 5. [07.1-S-%] Let f be an odd function defined on (—oo,00). If f’ is continuous and f(1) = 1, then
2
xf'(1 — x) dz equals
0
a1 ® -1. (@2 @O -2

Solution 5. By integration by parts, chain rule and change of variable,
2

- / (—f(1— ) da
-0 0

r=

I::/0 zff(l—z)de=x-(—f(1-21))

:2~(—f(—1))+/_1f(u) du (set u=1-—1x).

Since f is odd on (—o0,00), —f(—1) = f(1) =1 and [, f(u) du=0, we have [ =2-1+0 =2,
Ans: (C).

Question 6. [04.2-S-% %% %] Let f be a differentiable function defined on (0,00). Which of the following must
be TRUE?

a) If lim f(z) = oo, then lim fl(x)y>0. @®If 1ll>nolo f'(x) > 0, then nglgo f(z) = oo.

() It hm f(z) = co, then hm fl(x)=—oc0. (D) If lim f'(x)=—o00, then lim f(x)= co.

z—07F z—0t z—07F z—0t
1
Solution 6. (A) For f(z) =Inx on (—oo,00), lim f(z) =00, and lim f'(z)= lim — =0.
xT—r00 xT—r00 T—00 I

(B) Since lim f'(x):= L > 0, for fixed 0 < m < L, we can find t,, > 0 such that f'(z) > m for = > ¢,,. Hence
T—>00

by mean value theorem, for & > t,,, there exists a ¢, € (tm,x) such that
f(@) = fltm) + fem)(@—tm) > f(tm) + m(z —t,) — oo as T — 00.

1 1 1 1 1
(C) For f(z) = — +sin— on (0,00). Since — —1 < f(x) < — + 1 for x > 0, and lim — = oco. By squeeze
x x x e—0t T

theorem, lim f(z)= oco.
z—0+

1 1
Now, f'(z) = = <cos - + 1) for z > 0.
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1

Set ,, = ———— for n € N. Then z,, > 0, and lim z, = 0. But f'(z,) = 0 for every n € N. Thus
2n — 1)7'(' n—o0

hrng f'(x) # —o0o (actually, it does not exist).
z—>
D) F - li — lim () = lim ——— — —
(D) For f(x) Vv on (0,00), xilgif(x) 0, and im f(z) im
Ans: (B).

Question 7. [06.2-S-% % %] Let V(¢) be the volume obtained by rotating region

1 + sin®
A(t) = {(z,y) | 0<2<t,0<y< y}
about the y-axis. For what value of —oo < r < oo and 0 < ¢ < oo does one have
t
lim m =c?
t—0+ 17

Wr=1lc=n. @r=1lc=n/2. ) r=2,c=n. M) r=2c=7/2

Solution 7. Notice that sinxz ~ z as x near 0. Thus

¢ ¢ 1 + sin2
V(t) = / 2nxy do = / 2rx <—|—sm:r) dx
0 0 2

i 1+ 2 i 1
~ / 2rx < 5 ) dr ~ / 2rx <2> dx (we take lowest term only near 0)
0 0

Ans: (D).

Question 8. [05.3-S-J % %] Assume that f is continuous and satisfies the following equation
2 2 n—1)z2 na?
P s () () + £ () _ sinten)

lim ,

for every real number z # 0. Find f(1).
A 7. ® 7w/2. (€)0. (D) —7/2.

T
k=1

Solution 8.

2

Thus / f(t) dt = zsin(rz). By fundamental theorem of calculus and chain rule,
0

f(2?) - 22 = sin(nz) + 7 cos(mx), f(1) = w = —g.
Ans: (D).

Question 9. [07.1-S-% %] Find the condition under which the value of the following integral must be positive

27 /B
/ e® (avcos(Bt) — Bsin(Bt)) dt.
0
W) a>0,8<0. @B >2ra. (©C)aBf>0. (D) F<2ra.

Solution 9.
e/ 2
iy
=e2™/P_1>50 & =2 >0 < af>0.

27/
/ e (acos(Bt) — Bsin(Bt)) dt = e cos(Bt) 3
0

t=0
Ans: (C).



4 TAN UI-TSIAT

Question 10. [04.1-S-%% % %] Consider the function F(z) = (f o ¢')(x), where

2?2 —-3 , ifz<1,
g(z) = st e f(z) = 42® — 1522 + 12a.

Which of the following about the absolute maximum value yj; and absolute minimum value y,, of F' on
{z: 0<2x<2and F(z) is defeind} is true?

Z7 Ym = —4.

11
©) yp = R no absolute minimum value. (D) yyp =1, Y, = —4.

W yy=1,9yn=0. B yu =

Solution 10. Note that f'(z) =62z — 1)(x — 2),

, 2 , ifzx<l,
g@) =9,
22 o3 lf r>1
Notice that g is not differentiable at x = 1. And
2 ife<l1,

Therefore,
Fl(@)=(fog)(z)=f'(d(2))g"(x) =

To find critical points of F',
Fl(z) = (fog")(z)=f'(g'(x))g"(x) =0

4 2 5 4
<:)((4m—1)(2x—2):03nd0<9c<1)0r(<x2—2><3;2—2><—333>:0and1<x<2)
1
<:>9::f,\[2.
4
z 02|31 ]v2
g(@) [0]0] 5| 3
F(z) |00 4] 4
Set D={z: 0 <z <2and F(x) is defeind}. Since the range of ¢’(z) on D is
2 1
{2x|0§x<1}u{x2—2|1<x§2}:[0,2).

Now, from f’ and mean value theorem, f is increasing on (—oo,1/2] and [2,00), and decreasing on [1/2,2]. For

xeD,¢(x)el0,2), {f(d) |zeD}={f(y) |y€[0,2)} = <—4, 141] Thus f o ¢’ has no absolute minimum

on D.
Ans: (C).

Question 11. [02.3-M-%] Which of the following statements must be TRUE?
(A) If lim | f(z)| = |L|, then lim f(x) = L.
z—0 z—0
(B) If lim f(z) = L, then lim |f(z)| = |L|.
z—0 z—0
(C) If f is an odd function defined in (—o0, c0), then lin}) f(z)=0.
z—
(D) Let f and g be defined in (—o0,00). If f is an even function and g is an odd function, then both f o g and

g o f are even function.
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1 1 1
Solution 11. (A) Set f(x) = [z] + 3 Then f(z) = ) for =1 < z < 0, and f(z) = 3 for 0 <z < 1, and

1 1 1
i%'f(x)‘ = ili%i =1. But wli}rgl+ f(z) = 2 xl_i,%l— f(z) = —5 f has no limit as z — 0.

(B) Since ||f(z)| — |L|| < |f(x) — L| and lir% |f(z) — L| = 0. By squeeze theorem, lir% [|f(z)| — |L|| = 0. Hence
r— T—
lim |f(x)| = |L].

(C) Set
1, ifxz>0,
flx)=4 0, ifz=0,
-1, ifx<O.
Then f is odd function on (—oo,00). But aclirgl+ flz) =1, zlirglﬁ f(z) = —1, f has no limit as x — 0.
(D) For z € R,
(fog)(—z) = flg(—2)) = f(—g()) = f(g(x)) = (f o g)(x),
(9o f)(=z) =g(f(=2)) = g(f(2)) = (g0 f) ()
Ans: (B) (D).

Question 12. [05.3-M-% %] Consider the function f(z) = [ [sint| dt, where —0co < x < co. Which of the
following statements are TRUE?
(A) f is an increasing function.  (B) f is a differentiable function.

(C) f’ is a continuous function. (D) f’ is a differentiable function.

Solution 12. (A) Since |sint| >0 on R, f(z) = [; |sint| dt increases on R. (Actually, f strictly increases on R.)
(B) Since |sint| is continuous on R, by fundamental theorem of calculus, f’'(z) = |sinz|.
(C) See (B).
(D) f'(x) = |sinz| is differentiable on R\{k7 | k € Z} only.
Ans: (4)(B) (0.

2

xT t2
Question 13. [053—M—*] Deﬁne f(x) = /1 m
(A) f is continuous on (—oo,00).  (B) f’ has a slant asymptote y = x.

dt. Which of the following statements are TRUE?

(C) f is concave upward on (—oo,00). (D) The graph of f is symmetric about the origin.

2

v t
Solution 13. (A) Let g(z) = / 2 dt. Then g is continuous on R. Thus f(z) = g(z?) is also.
1

t24+1)
4
(B) By chain rule and fundamental theorem of calculus, f'(z) = ¢'(2?) - (2?) = m -2z
lim f/(z) —2 = lim —— =0
Ll L E S

Hence y = x is a slant asymptote of f’.

" ® + 52
© f (x)zﬁ
5

D f(z) = :1041:7—&—1 on R. f'(—z) = —f'(x) on R, thus f’is odd on R.
Ans: (A) (B) (C) (D).

> 0 on R. Therefore, f is concave upward on R.

Question 14. [04.3-M-%% % %] Consider the following function:

z2sini, forx #0,

fla) = z’
0 , for x = 0.
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Which of the following statements are TRUE?

(A) f is differentiable at 0.  (B) f has infinitely many local maxima.

(C) The curve y = f(x) has infinitely many inflection points. (D) The curve y = f(z) has a slant asymptote
Yy =T

fz) = f(0)

Solution 14. (A)
z—0

1 1
= xsin — for z # 0. Since —|z| < |xsin — ‘ < |z| for z # 0, and hm —|z| = hm |z =
T T

— f(0
0. By squeeze theorem, f/(0) = lim M
x—0 €T — O

=0.

1 1 1
(B) Since f € C(R), f (mr) =0foralln € N, and f(z) > 0 for all z € <(2+1) ™ ) for all n € N. By
1 1
extreme value theorem, f has local maximum on | ——— for all n € N.
(2n + 1)1 2n7
, 1y .1 2 1 1
©) f"(z)=(2— — |sin— — —cos— for x # 0. Set v, = ;— and y, = for every n € N. Then
x r x x 2nm 2nm+ 7
" (zn) =—4nrm <0,
f"(yn) = 4nw+27>0.

Since f € C?(R\{0}), by intermediate value theorem, there is a 2, € (yn,2,) such that f”(z,) = 0. There are
infinitely (2, f(z,)) are inflection point of f.
©))

1 sinf _ 1 1
lim f(z) — 2z = lim x(a:sin—l) = lim M (set 6 = —)
T —00 T—00 x z
. sinf—46 . cosf—1 . —sind rA e s
= 015(131+ —@ = egrg+ g = gli%h 5 = 0. (by L’Hopital’s rule)

Ans: (A)(B)(C) (D).

Question 15. [05.3-M-% %] Let f and g be functions which are continuous on [a,b] and differentiable on (a,b)
where a < b. Which of the following conditions can guarantee that f and g are equal on [a, b]?
(1) lim fly) = lim g( ) for any x on (a,b). (B) f'(x) = ¢'(x) for any = on (a,b).

© / f(t) dt = / g(s) ds for any x on (a,b).
D f(z / f@) dt =g(z) + / g(s) ds for any x on (a,b).

Solution 15. (A) Since f is continuous on [a, b], f(x) = lim f(y) = lim g(y) = g(z) for any = on (a,b). Furthermore,
y—x y—x
fla) = lim f(y) = lim g(y) = g(a). Similarly, f(b) = g(b).
y—a y—a
B) If f'(z) = ¢'(x) for all x on (a,b), then there is a constant ¢ € R such that f(x) = g(x)+ ¢ for all z on ( b).
(C) Note that if b € C([a,b]) and [ h(t) dt = 0 for all € [a,b], then h = 0 on [a,b]. Clearly, [ f(t)
[2g(t) dt = 0. [0 f(t) dt = lim [ f(t) dt = lim [ g(t) di = [?g(t) dt. Hence [ (f(t) — g(t)) dt =0 for all
z—b— x—b—
x € [a,b], f(z )—g( )—Oforallxe[a b].
D) [f(z) 1+ [ ( g(t)) dt = 0 for all x € (a,b). Set h(z) = f(z) — g(x) for all x € [a,b]. Then
= ["h(t dt for all x € (a,b). Moreover, h € C([a,b]), h(a) = lim+ h(z) = hm+ [ n(t) dt = [ h(t) dt = 0.
r—a T—ra
By fundamental theorem of calculus, h'(z) + h(z) = 0 for all x € [a,b). So e*h/(z) + e*h(z) = (e®h(x)) = 0,
there is a ¢ € R such that e®h(z) = c for all € [a,b). Now, h(a) = ce=® = ["h(t) dt = 0, ¢ = 0. Thus,
f(z) — g(x) =0 for all x € [a,b). Furthermore, f(b) = lim f(y) = lim g(y) = g(b).
y—b- y—b—
Ans: (A)(C) (D).
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Q1 the answer:

(a) By the implicit differentiation, we have

3 4
2z(x +2) + 2% =2y or y = x(zﬂ, if y#0. (2pts)*
Yy

Therefore, y' = 0 implies © = —4/3 or = 0. Putting = = 0 into the equation of C, we have y = 0.
Note that C' cannot produce a horizontal tangent of C' at (0,0) (see Figure 1). Putting x = —4/3

into the equation of C, we obtain y = :l:#. Hence, C' has horizontal tangents at
4 46 4 42 )
-, t— ——,=—— . (3pts)”
(3, 9>or<3,3\/§) (3pts)
Remark 0.1.

(*1) #5223 # * the implicit differentiation, m &% g v = tavor +2 & W38 ey’ >

T
vr+2+ )
( 2V + 2
57 @] % - grm_’rfvzx,,\o
(%2) FE A EE5 (-5, 250 2 (0,0)> iz £ (0,0)0 RI% = A3 A TE 24
(b) The area enclosed by the loop is
0

0
2/ —zvx + 2dx or / —zvVr + 2 — 22 + 2dz. (2pts)
-2

-2
By u-substitution and a careful calculation, the area is

2 2 4 2 32
) ) — o 2P 232 = 22 /a. 3pts)*3
/0 (u = 2)v/udu (5“ 3" )‘0 V2 (3pts)

Remark 0.2.
(*3) e FIF - AL 2 A5k T 0 FEEF R4F G R substitution form

-2 /02(u — 2)V/udu,

Bl 57 @R % - |MA 3P A o



Q2 the answer:

(a) Set z(t) = e"!sint and y(t) = et cost. Note that
2'(t) = e '(—sint 4 cost), y'(t) =e '(—sint — cost). (2pts)

ds = /(dx)? + (dy)? = V2e tdt, (1pts)

and, hence, the length of {7(¢)|0 <t < oo} equals

/ds = /Ooo V2eldt =v2.  (1pts)

This implies

(b) The desired surface area equals
oo
/27T|1 —x|ds = 2\/§7T/ (1— e tsint)e tdt. (2pts)
0
Since e~ !sint > —1, one has
(0.9] [e.9]
/ (1—e 'sint)e tdt < 2/ e tdt =2 < 0. (2pts)
0 0
This implies that the surface area is finite.
(¢) By the formula of 2/(t) and y/(t) (see Part (a)), one has

dy {1 at y(m/2) and v(37/2),

] -1 at y(x) and ~(27). (4pts)

dx

As a result, the desired area equals
(7 /2) — 2(37/2)| x |y(x) —y(2m)| _ (e7™/* + e ¥/2) (e 4 e7?7)

2 2
—37/2(q —m\2
= ¢ (1+e™) . (3pts)™
2

Remark 0.3.
(#) BT TAABPE S X o F Ao Br FoRA Y5

Li:z—y=eT% Ly:z+y=—eT;

Ly:x—y=—e 2% Liiz+y=e 2.

FlaZe )5 4B b ff 5 Ly & Ly cPRESE R Y Ly & Ly HpEdL > 7

€—7r/2 +6—3ﬂ'/2 e~ _|_6—27r e—37r/2(1 +e—ﬂ)2

vz T 2

Y- E2E85 e #? iz g2 BEYE (2 BELEAEELT ) bl4r P,Q,R -

p_ e—7r/2 . e—7r, _e—7r/2 e T ; Q _ _6—37r/2 o e—7r7 6—371'/2 —e T ;
2 2 2 2

n_ <_€—37r/2 boem2m g3m/2 e—27r> s <e—7r/2 + e—27r7 /2 +6—27r> |

2 ’ 2 2
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