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Q1

(a) sin(x) ≤ 1 and t > 0, so sint(x) ≤ 1. (1pt)
For x ∈ [0, π/2], 0 ≤ cos(x) ≤ 1, so sint(x) cos(x) ≤ sint(x). (1pt)

Remark 0.1. 1 pt for each inequality.

(b)

=
sint+1(x)

t+ 1

∣∣∣∣
π
2

0

(2pt)

=
1

t+ 1
(1pt)

(c) (∫ π/2

0
sint(x) cos(x) dx

)1/t

≤

(∫ π/2

0
sint(x) dx

)1/t

≤

(∫ π/2

0
1 dx

)1/t

(1pts)

lim
t→∞

1

t
ln

(
1

t+ 1

)
= 0, → lim

t→∞

(∫ π/2

0
sint(x) cos(x) dx

)1/t

= lim
t→∞

(
1

t+ 1

)1/t

= 1. (2pts)

Remark 0.2. Calculation is required.

lim
t→∞

(∫ π/2

0
1 dx

)1/t

= lim
t→∞

(π
2

)1/t
= 1. (1pts)

By the Squeez Theorem, we have

lim
t→∞

(∫ π/2

0
sint(x) dx

)1/t

= 1. (1pts)
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Q2

(a) If f is continuous on [a, b], there there is c ∈ [a, b] such that

f(c) =
1

b− a

∫ b

a
f(x) dx.

(2pt)

Remark 0.3. If written as c ∈ (a, b) is ok, get 2pt.

(b) F ′′(x) =
∫ x
1 f(u) du+ xf(x).

F ′′(12) =
∫ 1/2
1 f(u) du+ 1

2f(
1
2). (2pt)

According to MVT, there exits ξ ∈ [12 , 1] such that
∫ 1/2
1 f(u) du = −1

2f(ξ). (2pt)
Since f is an increasing function, F ′′(12) =

1
2(−f(ξ) + f(12)) ≤ 0. (2pt)

(b’) F ′′(x) =
∫ x
1 f(u) du+ xf(x).

F ′′(12) =
∫ 1/2
1 f(u) du+ 1

2f(
1
2). (2pt)

We have F ′′(12) =
∫ 1/2
1

(
f(u)− f(12)

)
du. (2pt)

Since f is an increasing function, f(u)− f(12) > 0, so F ′′(12) ≤ 0 . (2pt)

(b”) F ′′(x) =
∫ x
1 f(u) du+ xf(x).

F ′′(12) =
∫ 1/2
1 f(u) du+ 1

2f(
1
2). (2pt)

Since f is an increasing function,
∫ 1
1/2 f(u) du ≤

1
2f(

1
2), (2pt)

so F ′′(12) =
∫ 1/2
1 f(u) du+ 1

2f(
1
2) ≤ 0 . (2pt)

(c) F ′′′(x) = 2f(x) + xf ′(x). (1pt)
Since f is an increasing function, f ′ > 0. (1pt)
x ∈ (0, 1), f > 0 and f ′ > 0,
so F ′′′ > 0, therefore F ′′ is an increasing function. (1pt)

(c’) Assume x > y, we have F ′′(x)− F ′′(y) =
∫ x
y f(u) du+ (xf(x)− yf(y)).

Since f > 0,
∫ x
y f(u)dx > 0. (1pt)

Since f is an increasing function, xf(x)− yf(y) > 0. (1pt)
Therefore F ′′ is an increasing function. (1pt)

(c”) f(x) is an increasing function, so
∫ x
1 f(u) du is an increasing function. (1pt)

x and f(x) are increasing functions, so xf(x) is an increasing function. (1pt)
Therefore, F ′′(x) =

∫ x
1 f(u) du + xf(x) is the sum of two increasing functions, which is

also an increasing function. (1pt)

(d) Suppose F ′′(12) = 0, done. (1pt)

(Existence) F ′′(1) =
∫ 1
1 f(u) du+ f(1) = f(1) > 0;

Also we have F ′′(12) < 0, by Intermediate Value Theorem, there exits ξ′ ∈ (12 , 1) such
that F ′′(ξ′) = 0. (2pt)

(Uniqueness) Furthermore, F ′′ is increasing (by (c)), so there exists exactly one root of F . (1pt)
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