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一百一十四學年度微積分甲 (一) 會考計算題
1. Consider the integral

I =

∫ ∞

0

u2

(1 + u2)(1 + 2u2)
du.

(a) (2 pts) Consider

u2

(1 + u2)(1 + 2u2)
=

α

1 + u2
+

β

1 + 2u2
, (1)

where α and β are constants. Find α and β.

(b) (5 pts) Evaluate the value of I.

(c) (8 pts) Evaluate the value of the integral∫ 1/2

0

x2

(1 + x2)
√
1− x2

dx.

Solution: (a) By (1), we have

u2

(1 + u2)(1 + 2u2)
=

α(1 + 2u2) + β(1 + u2)

(1 + u2)(1 + 2u2)
. (2)

Then u2 = (α + β) + (2α + β)u2. It follows that

α + β = 0, 2α + β = 1.

We further obtain
α = 1, β = −1.

註：也可以將(2)兩邊同乘 (1 + u2)，並令 u2 = −1 得到 α = 1；兩邊同乘 (1 + 2u2) 並令

u2 = −1/2 得到 β = −1.

(b) By (a), we see that

I =

∫ ∞

0

(
1

1 + u2
− 1

1 + 2u2

)
du =

∫ ∞

0

1

1 + u2
du−

∫ ∞

0

1

1 + 2u2
du.

The first integral in the above is∫ ∞

0

1

1 + u2
du = lim

t→∞

[
tan−1 u

]t
0
=

π

2
.

For the second integral, we set v =
√
2u, dv =

√
2 du and obtain∫ ∞

0

1

1 + 2u2
du =

1√
2

∫ ∞

0

1

1 + v2
dv =

π

2
√
2
.

Therefore,

I =
π

2

(
1− 1√

2

)
or π

4
(2−

√
2).



(c) Let x = sin θ, where −π/2 ≤ θ ≤ π/2. Then dx = cos θdθ and when x = 0, θ = 0；when
x = 1/2, θ = π/6. Then we have

J :=

∫ π/6

0

sin2 θ

(1 + sin2 θ) cos θ
cos θdθ =

∫ π/6

0

sin2 θ

1 + sin2 θ
dθ (3)

Set u = tan θ. Then

du = sec2 θ dθ = (1 + tan2 θ) dθ = (1 + u2) dθ =⇒ dθ =
du

1 + u2
.

By some computations,
sin2 θ

1 + sin2 θ
=

u2

1+u2

1+2u2

1+u2

=
u2

1 + 2u2
.

Also, when θ = 0, u = tan 0 = 0; when θ = π/6, u = tan(π/6) = 1/
√
3. So

J =

∫ 1/
√
3 u2

du. (4)
0 (1 + u2)(1 + 2u2)

Using the decomposition from part (a),

J =

∫ 1/
√
3

0

u2

(1 + u2)(1 + 2u2)
du =

∫ 1/
√
3

0

1

1 + u2
du−

∫ 1/
√
3

0

1

1 + 2u2
du

Compute each term:∫ 1/
√
3

0

1

1 + u2
du =

[
tan−1 u

]1/√3

0
= tan−1

(
1√
3

)
=

π

6

and set v =
√
2u,∫ 1/

√
3

0

1

1 + 2u2
du =

1√
2

∫ √
2/

√
3

0

1

1 + v2
dv =

1√
2

tan−1

(√
6

3

)
.

So we have ∫ 1/2

0

x2

(1 + x2)
√
1− x2

dx =
π

6
− 1√

2
tan−1

(√
6

3

)
.

註 2：解題過程中不一定會出現(4), 例如再前面推導時

J : =

∫ π/6

0

sin2 θ

1 + sin2 θ
dθ =

∫ π/6

0

sin2 θ + 1− 1

1 + sin2 θ
dθ =

∫ π/6

0

(
1− 1

1 + sin2 θ

)
dθ

=
π

6
−
∫ π/6

0

1

1 + sin2 θ
dθ.

則對應於(4)會變成

J =
π

6
−
∫ 1/

√
3

0

1

1 + 2u2
du.
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