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1. Consider the integral

00 u2
I= du.
/0 1+ )1+ 2u) "
(a) (2 pts) Consider
u? e B
(1+u2)(1+2u?)  1+u2  1+2u?

where o and [ are constants. Find « and f.
(b) (5 pts) Evaluate the value of I.

(c) (8 pts) Evaluate the value of the integral

1/2 22
/0 (14 22)v1—2? e
Solution: (a) By (1), we have
u? a1+ 2u?) + B(1 + u?)
A+ +2d) (Q+a@d)(i+2) @)

Then u? = (a + ) + (2a + B)u®. It follows that
a+ =0, 20+ B = 1.

We further obtain

b AT LR )RR (1 +o?) > WS v = —1 58] o = 15 WEBEZE (1 +2u?) WS
W? = —1/2 8% f = —1.
(b) By (a), we see that

/o 1 © ] ©
I= - du = du — du.
/0 (1+u2 1+2u2) " /0 1+ /0 14202

The first integral in the above is

> 1
/ 5 du = lim [tan_l u}g = Z
0 1 + u t—00 2

For the second integral, we set v = v2u, dv = /2 du and obtain

/°° L 1 /°° L s
o 14 2u2 V2o 1+02 2v/2

Therefore,



(c) Let x = sin @, where —7/2 < § < w/2. Then dx = cos #df and when x = 0, § = 0 ; when
r=1/2,0 =7/6. Then we have

v/6 sin® 0 /6 Gin2 g
J = 0do = e — ] 3
/0 (1 + sin® @) cos 0 o8 /0 1+ sin26 (3)

Set v = tan 0. Then

d
du=sec0d) = (1 +tan?0)df = (1 +u?)do = df=—— .
1+ u?

By some computations,
2
sinf e Wl
1 +sin26 1;;—2“"22 14202
Also, when § = 0, u = tan0 = 0; when § = 7/6, u = tan(7/6) = 1/v/3. So
1/v3 u2
J:/ du. (4)

0 (14 u?)(1 + 2u?)

Using the decomposition from part (a),

1/V3 u2 V3 1/V3 1
/0 (14 u?)(1 + 2u?) " /0 T +u /0 1+ 2u2 ™"

Compute each term:

V3 1 1
/V3 1 T
du = [tan"tu = tan =1

and set v = \/§u,

1/V3 1 1 V2/v/3 1 1 \/6
/ —2du:—/ —2dv:—tan*1 —_— .
0 1+ 2u V2 Jo l+v 2 3

So we have

/1/2 - dr = z_ i tan~! @
o (Q+22)V1—22 6 2 3 )
it 2 ¢ AR TR —E G IR (4), (40P A HE 2

/6 i 2 1-1 /6 1
/ sin” 0 do — / Sln9;‘2@:/ 1————— ) df
0 1+sin26 0 1+ sin“ 0 0 1+ sin“ 0

/6
_f_/ ;dg
6 0 1+Sln 9

RIIBIIERS (4) &2k

1/V3 1
J:f—/ ——_du
6 0 1+ 2u?



	114-1-AB答案卷
	1141_computation_solution

