101

3

= ol R (=2
Z3n+3:ﬁ'z 3n

n=1 n=1

Since it is a geometric sequence with ratio < 1, the series is convergent. And

the series
0 (_2)71 B e on B 1 X 9n
Z 3n+3 | Z nt3 97 3n
n=1 n=1 n=1

. . . .2 .
is a geometric sequence with ratio 3 So the series is absolute convergent.

T
(B) Since sin <—> is decreasing to 0 as m goes to infinity, the alternative series is
n

convergent by alternating series test. On the other hand, consider the series

S (3)] - S ()
()

Since

lim =
n—od

7

7r m
the series ) . sin (—) converges if and only if the series ) 2 . — converges. And the
n n

7T m
series > 7 nes - — is a p-series with p = 1 < 1, so the series > - nes — diverges and the series

- T T . .

> o ssin (—) diverges, too. Hence the series Y>> .(—1)"sin (—) is conditionally
n n

convergent.

(C) Since
lime 7 = 1 £ 0,
—00

the series Z(—l)"e_n%l is diverges.

n=1
(D) Since sin(nm) =0, Vn € N, the series

i sin(n) sin (%) =0.

Hence the series converges. On the other hand, the series

Z ‘sm mr sin (Eﬂ =0.
n

n=4

. . . . TN .

is converges. Hence the series )7, sin(nr) sin (—) is absolute convergent.
n

Ans: B



2.
Note that

« . o n
et =3 (0 ) b<t
n=0
1 2
Setoz:—§ and y = —x°, then we have
AN |
-t =3 () ey
n=0
o ‘< ( -3 2 —( =3\ D" o
—— dr = 2 ) (—a?)"dx = 2 | 2 gt
e [ ere =3 ()

1
Next, set t = 2 we have

[a=e-5 () i

n=0
. . L m
left hand side = arcsinz |2_, = r
(3 (=" T~ -5 (= T o
;‘Z( " )m:f ( 2>m:(_2>'€:_§‘
= n+1) N @ntd)
Ans: A
3. From

(x(t),y(t), 2(t))

<et,t6t,tet2> = (1,0,0),

we have t = 0.
Note that,

2 (), 4 (1),2 (1) = (e, e +te, et + 22

( y ) ) 9
and

(2(0),4'(0),2'(0)) = (1,1,1).
Hence the tangent line equation at the point (1,0,0) is

r—1=y=z

Letx —1=y=z=t thenz=t+1, y=t, and z = t. Substitute into this fraction
b—1
L, where a = x, b =y, and ¢ = z, then we have
t—1+t—1

. =

2.

Ans: D

4. The slope vector of Ly is (5,2, —1) and the slope vector of Ly is (0,—1,3). So
Ly and Ly are not parallel and the same, either. Next, check whether these two lines

have intersection points. Substitute x = —1 into L;, we have x = —1, y = 2, and

2



z = 4. And the point (—1,2,4) lies on the line Ly, when ¢t = —1. Hence L; and L,
are intersecting.
Ans: C

5. Note that f, = 32% 4+ 2y, f, = 20 — 2y, fur = 62, fo, = 2, fye = 2, and
fyy = —2. From Vf = (fs, fy) = (0,0), we solve this equation

322 +2y =0,
20 —2y =0.

2 2
Then we get two critical points which are (0,0) and (—5, _§) Since

fmm(070) ’ fyy(070) - fry(070) ’ fwy(oao) =—-4< 07

the critical point (0,0) is a saddle point. On the other hand,

2 2 2 2 2 2 2 2
fmx (_ga_g) ' fyy (_57_5) - f:py <_§7_§> ' fxy (_57 _§> =4> 07

2 2
zz | — 5 5 :_4<07
e (-5-3)

o . 2 2\ . .
so the critical point ~3 73 is a local maximum.

3
Ans: D

and

6. (1) When (z,y) = (¢,t?), then as (z,y) — (0,0), t — 0. Hence
2 t4

lim Ty lim ——

(@)= 00) zt +yt =0 ¢4 4 ¢8

But, when (z,y) = (0,t), then as (z,y) — (0,0), t — 0. Hence

x2y

1 7 — 0.
mﬁ%mﬁ+¢

= lim
t—0 0 + ¢4

Since, with different direction, we have different limit value, this limit doesn’t exist.

(2) Case 1. When x = 0, then the limit is 0, obviously.

Case 2. When x # 0, then

and
lim =0.
(z,y,2)—(0,0,0)
By comparison theorem, the limit exists.
Ans: C

r+y ,c=00ry=0

1 else as an example with (a,b) = (0,0).

7. Let’s take f(z,y) = {



Note that f,(0,0) =1 and f,(0,0) = 1, obviously.
(A) When (z,y) = (¢,0), then as (z,y) — (0,0), t — 0. Hence

lim T —hmt+0—0
o f(z,y)

But, when (z,y) = (¢,t), then as (x,y) — (0,0), t — 0. Hence

lim T —hml—l
oo f(z,y)

So lim, y)—(0,0) f(2,y) doesn’t exist.
(B) Since lim, ) —(0,0) f(,y) doesn’t exist, f is not differentiable at (0,0).
(C) Choose © = (t,t), then

Daf(0,0) = lim 2D = SO0 1

t—0 t t—0 t

1
But lim;_,g — doesn’t exist.

(D) f is not continuous at (0,0) by (A).
Ans: D

8. (A)
S:{(I,y,Z)“J:g(I,Z)} = {(x7y72)|0:g(x72)_y}:‘90
(B) The equation for Ty is
(l‘ — 20, Y — Yo, 2 — ZO) : (GIaGy’GZ) =0

Note that
Gx('r07 Yo, ZO) = gz(x(b ZO)7

Gy(aj07 Yo, ZD) = _17

and
Gz(%, Yo, Zo) = gz(xo, ZO)-

So substitute into the equation, we have

9x(20, 20)(* — 20) — (¥ — yo) + G=(Z0, Yo, 20) (2 — 20) = 0.

(C) By (A), since S = Sy, T = Tp.
(D) By (B) and (C), the equation of T" is

G (20, Y0, 20)(x — x0) — (y — yo) + G=(20, Yo, 20)(z — 20) = 0.

Ans: B

9. Let f(x,y) = 2% Note that f(z,y) = f(z,—y) = f(—z,y) = f(—x,—y). Hence

// 22dA = 4// xdydx—4/(x —x)dx:4-%:%,



Ans: A

10. The volume of the region V' is

\/16 — 2
4 —
o Jo

41—y
/ dxdzdy
0

A
:/0/0 2 (4 —y)dedy.

Let y = 2rcosf, z =rsinf, where 0 <r <2,0<60 <

Do

T
— 2
V:/2/(4—2T0050)-2Td7"d9
o Jo
7r

:/2 (16_320089> 50
0 3

32
=81 — —.

3

Ans: B

11. Let write down some terms of this series.
ag = 2,(11 = 3,&2 I4,CL3 =4.

We find that the series converges to 4 by first three terms, and the series {2,3,4,4,4,---}
is a increasing and bounded series, obviously.
Ans: ABD

12. (A) By ratio test, we want

=z —3] <1

Then we have the domain of g(x) includes (2,4).

_1)"
When = = 2, we should check whether the series » ° ( \/_) is convergent. Since
n
(="

NG

1
When = = 4, we we should check whether the series >~ —= is convergent. By
n

—= is a decreasing series as n gets large, the series >~ is convergent by

Jn

alternative series test.

p-series test, we know the series is diverges. Hence the domain of g(z) is [2,4).
(B) Since the domain of g(z) is [2,4), g(z) is differentiable on (2,4).

(©)

/o) =3 " ) -

n=1



n=2
Ans: BD
13. (A) Since
£0,0) — lig T =FO0) 1=
x—0 X =0 X
0,y) — (0,0 1-1
£,0,0) = lig 1O —JO0 _p 171
y—0 Yy y—=0 y

both f,(0,0) and f,(0,0) exist.
(B) When (z,y) = (t,t), then as (x,y) — (0,0), t — 0. Hence
(z—y? . 0

li =lim— =0.
(x,y)gré0,0) 22+ y? 150 2t2

But, when (z,y) = (¢,0), then as (z,y) — (0,0), t — 0. Hence

N2
im (x2 y) =liml=1.
(z,)—(0,0) 22+ y? t—=0

So f is not continuous at (0,0).

(C) By (B), since f is not continuous at (0,0), f is not differentiable at (0, 0).

(D) Since f is a rational function, and the denominator of f are not 0, when (a, b) #
(0,0), f is differentiable for (a,b) # (0,0).

Ans: AD

14. Plot the region of each options.
Ans: ABD

15. Since the bounds of y and z in the integral fol fom foﬁf(x,y, z) dzdydzx only
depend on z, it doesn’t need to change the bound while switching the arrangement
of y and z. Hence (A) is wrong and (B) is correct.

From the three inequalities 0 < 2 < 1,0 <y < /1 —22, and 0 < z < /z, we have
0<2<1,0<y<+v1-—2%and 2?2 <x <+/1—19y2 Hence (C) is correct, but (D)is
wrong.

Ans: BC

16. Note that,
r'(t) = (—3sin 3t, 3 cos 3t),

and

Now, the arc length s measured from (1,0) is

t t t
/ |7 ()] dt = / vV ((=3sin3t))2 4 (=3 cos 3t))2 dt = / 3dt = 3t.
0 0 0
Denote 3t with s, then we have

r(t(s)) = cos si + sin si.

6



Ans: cossi+sinsj

17. Doing partial derivative on the equation 23z + (2% + y)z = 0, we have

0 0
3z2-a—;-x+z3+2xz+(x2+y)a—;:0.

Then substitute z = 0, y = 1, and z = 0 into the equation above. We have

0
0+0+0+ — —0
9T (14, 2)=(0.1.0)
13)
= a_z =0
L (2,9,2)=(0,1,0)
Ans: O
18. Since
pin(n®+1) _ (n3 + 1)1nb’
Z pin(n?+1) — Z (n® + 1)lnb.
n=1 n=1

By limit comparison test, we have

) (n3 + 1)1nb
e b

so the series Y > (n?® 4+ 1)t diverges if and only if Y>> (n®)™? diverges. Next, by
p-series test, when Inb® > —1, the series is divergent. Hence the minimum positive
value of b is e 3.

Ans: 73

19. By Fubini’s theorem,

. o i . ™
// SmydA:/ / Smydmdy:/ siny =1—(-1) =2.
R Y o Jo Y 0

20. The distance from the origin to a point (z,y, z) is \/22 + y%> + 22. To find the
farthest point, it is equivalent to find the maximum of z% + y* + 2%, Let f(z,y,2) =
2?2 +y*+ 22, g(x,y,2) = x+y+22—2, and h(x,y,2) = 22 +y* — 2. Using Lagrange’s
multiplier, we should solve the equation for z, y, and z

Ans: 2

Vf+aVg+ 5V =(0,0,0)
= (2z,2y,22) + (o, o, 2a) + (282, 2By, —F) = (0,0,0).
Next, we solve the system of equations

20 +a+2B8x=0
2ut+a+28y =0
224+ 2a— 5 =0.

7



Then, we have two critical points which are (x,y, 2)

3
(—1,—1,2), and the distances are 2 and 6, respectively.

Ans: (-1,-1,2)



