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Calculus 104-2

1. Let x = r cos θ, y = r sin θ, then

dy

dx
=

dy
dθ
dx
dθ

=
r′ sin θ + r cos θ

r′ cos θ − r sin θ

=
cos θ sin θ + (2 + sin θ) cos θ

cos θ cos θ − (2 + sin θ) sin θ

dy

dx
|θ=π

4
= −1− 1√

2

2. Area = 4

∫ 1

0

ydx = 4

∫ 1

0

(1− x1/3)3dx =
1

5
.

3. Let an =

[
ln(1 +

2√
n

)

]
xn.

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣
= lim

n→∞

∣∣∣∣∣ ln(1 + 2√
n+1

)

ln(1 + 2√
n

)
x

∣∣∣∣∣
= lim

n→∞

1
1+ 2√

n+1

2(− 1
2 )(n+ 1)−3/2

1
1+ 2√

n

2(− 1
2 )n−3/2

|x|

= |x| < 1

(i) x = 1, an = ln(1 + 2√
n

),
∑
an is divergent

(ii) x = −1, an = (−1)n ln(1 + 2√
n

),
∑
an is convergent

⇒ the interval of convergence of
∑∞
n=1

[
ln(1 +

2√
n

)

]
xn is [−1, 1).

4. f(x) =

∫ x

0

h(t)dt,

f ′(x) = h(x) = sin x
x = 1

x ( x1! −
x3

3! + x5

5! − · · · ) = 1− x2

3! + x4

5! − · · ·

f (5) =
d4(f ′(x))

dx4
= 1

5

5. y
∂F (x, y)

∂x
+ x

∂F (x, y)

∂y
= y(f ′(x2 − y2)2x) + x(1 + f ′(x2 − y2))(−2y) = x.

6. Since sin y ≈ y when y → 0, then

lim
(x,y)→(0,0)

x sin y

x2 + y2
= lim

(x,y)→(0,0)

xy

x2 + y2

= lim
r→0

r2 cos θ sin θ

r2

= doesn’t exist.
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7. ∫ 1

0

∫ 1

x

2 sin(y2)dydx

=

∫ 1

0

∫ y

0

2 sin(y2)dxdy

=

∫ 1

0

2y sin(y2)dy

= − cos(y2)
∣∣∣1
0

= 1− cos 1

8. z = f(x, y) = x2 + y2, R = {x2 + y2 = 2}.

Surface Area =

∫ ∫
R

√
(fx(x, y))2 + fy(x, y)2 + 1dxdy =

∫ ∫
R

√
4x24y2 + 1dxdy

=

∫ 2π

0

∫ √2

0

(4r2 + 1)
1
2 rdrdθ =

13

3
π.

9. a0 = 0, a2 = 1, a3 = 2
3 , a4 = 7

9 .
From an+1 = 2

3an+1 + 1
3an, an ≥ 2

3 , choose (D).

10. Let

{
u = x+ y
v = x− y ⇒

{
x = u+v

2
y = u−v

2

, |J | = |
∣∣∣∣ ∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

∣∣∣∣ | = 1
2∫ ∫

D

x− y
x+ y

dA =
1

2

∫ 0

−2

∫ 4

2

v

u
dudv

=
1

2

∫ 0

−2
v ln |u|

∣∣∣4
2
dv

=
1

2
ln 2

1

2
v2

∣∣∣∣∣
0

−2

 = − ln 2.

11. f(x, y) = −x3 + 4xy − y2 + 1.{
fx(x, y) = −3x2 + 4y = 0
fy(x, y) = 4x− 2y = 0

Then the critical points are (0, 0), ( 8
3 ,

16
3 ).

fxx(x, y) = −6x, fyy(x, y) = −2, fxy(x, y) = fyx(x, y) = 4.

(i) (x, y) = (0, 0):
D = fxx(0, 0)fyy(0, 0)− (fxy(0, 0))2 = −16 < 0
⇒ (0, 0) is a saddle point.

(ii) (x, y) = (8
3 ,

16
3 ): D = 8 > 0 and fxx( 8

3 ,
16
3 ) < 0.

⇒ f has a local maximum at ( 8
3 ,

16
3 ).

12. (A) False, counter example: bn = 1
n2

(B) True, an+bn2 ≥
√
anbn

∵ 1
2

∑
(an + bn) is convergent, ⇒

∞∑
n=1

√
anbn is convergent.

(C)
∑
anbn ≤ (

∑
an)(

∑
bn)

⇒
∑
anbn is convergent.

(D) ∵
∞∑
n=1

|(−1)nanbn| =
∞∑
n=1

anbn is convergent,

⇒
∞∑
n=1

(−1)nanbn is convergent.
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13. (A) Let an = 5
4n−3 lnn−7 , bn = 1

n .

lim
n→∞

an
bn

= lim
n→∞

5n

4n− 3 lnn− 7
=

5

4
By limit comparison test,

∑
an is divergent.

(B) Let an = tan( 1
n ), bn = 1

n ,

lim
n→∞

an
bn

= lim
n→∞

tan 1
n

1
n

= lim
n→∞

1

cos 1
n

(
sin 1

n
1
n

)
= 1

By limit comparison test,
∑
an is divergent.

(C) Let an = ( n
√

2− 1)n,

lim
n→∞

(|an|)1/n = lim
n→∞

n
√

2− 1 = 0.

By root test,
∑
an is convergent.

(D) Let an = en+n
e2n−n2 , bn = 1

en ,

lim
n→∞

an
bn

= lim
n→∞

e2n + enn

e2n − n2
= 1.

By limit comparision test,
∑
an is convergent.

14. (A) fx(0, 0) = lim
h→0

f(0 + h, 0)− f(0, 0)

h
= 0

fy(0, 0) = lim
h→0

f(0, 0 + h)− f(0, 0)

h
= 0.

(B) Let y = mx2,

lim
x→0,y=mx2

f(x, y) = lim
x→0,y=mx2

x2(mx2)

x4 +m2x4
=

m

1 +m2

⇒ lim
(x,y)→(0,0)

f(x, y) doesn’t exist.

⇒ f is discontinuous at (0, 0).

(C) By (B), f is not differentiable at (0, 0).

(D) D
<

√
3

2 , 12>
f(0, 0) = lim

h→0

f(0 +
√
3
2 h, 0 + 1

2h)− f(0, 0)

h
=

3

2

15. By definition, choose (B) and (C).

1.

{
x = r cos θ
y = r sin θ

⇒


dx

dθ
= r′ cos θ + r(− sin θ)

dy

dθ
= r′ sin θ + r cos θ
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Then

Length =

∫ π
4

0

√
(
dx

dθ
)2 + (

dy

dθ
)2dθ

=

∫ π
4

0

√
(r′)2 + r2dθ

=

∫ π
4

0

√
(3 cos2(

θ

3
)(− sin

θ

3
)
1

3
)2 + (cos3(

θ

3
))2dθ

=

∫ π
4

0

√
(cos4

θ

3
)(sin

θ

3
+ cos2

θ

3
)dθ

=

∫ π
4

0

cos2
θ

3
dθ

=

∫ π
4

0

1 + cos 2θ
3

2
dθ

=
1

2

θ +
3

2
sin

2

3
θ

∣∣∣∣∣
π
4

0


=

3 + π

8

2. f(x, y) =
−2y

x2 + y2 + 4
fx(x, y) =

4xy

(x2 + y2 + 4)2
= 0

fy(x, y) =
−2x2 + 2y2 + 4

(x2 + y2 + 4)2
= 0

⇒
{

4xy = 0
−2x2 + 2y2 + 4 = 0

⇒ (x, y) = (
√

2, 0) or (−
√

2, 0).
Consider the boundary, x2 + y2 = 1.

Let x = cos θ, y = sin θ, f(x, y) = f(cos θ, sin θ) =
−2 sin θ

5
.

When θ = π, f(x, y) has absolute maximum 2
5 .

3. fx(0, 0) = lim
h→0

f(0 + h)− f(0, 0)

h
= 0

fx(x, y) =

{
2x tan−1 yx + x2 1√

1+( yx )
2
(− y

x2 )− y2 1√
1+( xy )

2
( 1
y ) if (x, y) 6= (0, 0)

0 if (x, y) = (0, 0)

fxy(0, 0) = lim
h→0

fx(0, 0 + h)− fx(0, 0)

h
= lim
h→0

−h 1√
1 + 0

h
= −1

4. Let f(x, y, z) = sin(xyz)− x− 2y − 3z.
∇f =< cos(xyz)yz − 1, cos(xyz)xz − 2, cos(xyz)xy − 3 >
∇f(2,−1, 0) = (−1,−2,−5)
tangent plane: −(x− 2)− 2(y + 1)− 5(z − 0) = 0⇒ x+ 2y + 5z = 0
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5. ∫ ∫ ∫
E

dV

=

∫ 2π

0

∫ π
2

π
4

∫ 2

0

ρ2 sinφdρdφdθ

=

∫ 2π

0

∫ π
2

π
4

1

3
ρ3 sinφdφdθ

=
8

3

∫ 2π

0

− cosφ
∣∣∣π2
π
4

dθ

=
8
√

2

3
π


