PRIR A5

March 28, 2018

52 +3 =12, ( - ,
—t+3)24+3 =12,
ri(s)=ryt) & —s+1=t—2, & & (s, t) =(1,2).
s =—t+3.
s=—t+3.

So the intersection point is ri(s) = ro(t) = (4,0,1). Now,
ri(1) = (2s,-L1)[_, =(2,-11); r3(2)=(2t,1,-1)|,_,=(41,-1).

The normal vector of tangent plane is parallel to r}(1) x r5(2) = (0,6, 6), which is also parallel to
(0,1,1). So (0,1,1) - (x — 4,y — 0,z — 1) =0, that is, y + z — 1 = 0.
Ans: (4).

. (A) By I'Hopital’s Rule, we know that

x
lim —— =0.
0 (1.5)
Thus for sufficient large n,
1.5)"
n< (15", 0< 2% <! 2n) < (0.75)".

We know that Z _1(0.75)” converges. By comparison test, we can say that Z _iom converges.
(B) Since

1 1
Ay 1= \/ﬁ = n > nt :W:an+1>0 VHEN,
n+1 (n+1)2 (n+2)2 n+ 2

00 © —1)"
by alternating test, Z 0(—1)"% = Z (:_\1/5 converges.
n= n

n=0

(oo}
1
(C) By p—series test, g 2 converges.
n=1ln

(D) For n > 4,

1 l_n—\/ﬁ_\/ﬁ—1>1>o

vnoon nyn o n T nT
Since anlﬁ converges by p-series test, by comparison test, zn:l <\/ﬁ - n) diverges.
Ans: (D).



n=0 =0 k=0
JE®0) 1
Thus ~———— = — f(109(0) = 100.
00! gor £ (0) =100
Ans: (D).

4. We first find the critical points. For (a,b) € R,

(f(a,b), fy(a,b)) = (2a + 2ab,2b + a*) = (0,0)
& 2alb+ é) -0 & (a,b) = (0,0) or (£v/2,—1).

To determine the saddle points, consider

fez(a,b)  fay(a,b)
fyz(a,0)  fyy(a,b)
=(2+2b)-2—(2a)’ =4 (—a*+b+1).

Dfa,b) := = foa(@,b) fyy(a,b) = (fry(a. )’

Since D(0,0) = 4 > 0 and fy(a,b) = 2+2-0 =2 > 0, (0,0) is a local minimum of f. For
D(£v2,—1) = —8 < 0, we can say that (++/2, —1) are saddle points of f.
Ans: (C).

5. Let f(z,y,2) = xzlny + ylnz + zyz. Then Vf(z,y,z) = <lny—|—yz, E—l—lnz—l—x,z, y—l—:cy>.
Yy z
(a,b,—1) should be parallel to Vf(0,1,1) = (1,0,1). So (a,b) = (—1,0).

Ans: (C).
6.
11 1 2
/ / z?e dxdy:/ / z?e™ dydr (by Fubini’s theorem)
0o Jy o Jo
1 ety z 1
—/ v — dx—/ (a:expr—a:) dx
0 T y=o0 0
1 e—2
=3 (expa® — 2?) L =5
Ans: (A).

7. The surface area is equal to

02\° 02\ 2 Loy
haded had _ / 2 2
//13\/1+ (5517) i <3Z/> “ /0 /0 L1+ @) dody
! 1 1 6 2
:/ y /2+4y2dy:ﬁ (4y2+2)3/2 \[ \/7

0

y=0 2 6

Ans: (D).



10.

11.

. Use double integral in polar coordinate,

2 p/I—(a—1)2
/ / Y gy dz
x2_|_y2

2cos 6 /2
0 0
/ / rcosf + rsin E rdrd) — / {(COSG—FsmG) T|2(:osc9:| a0
0

(rcos@)? + (rsiné

/2
= / (2cos®0 + 2 cosOsinf) df = / (cos(26) + 1 +sin(26)) do
0 0

_ sin(26) ; cos(26) 4o /2

+ 1.

6=0

m
2

Ans: (C).

. Use triple integral in polar coordinate,

x =rsin¢cosb,
y = rsin¢sinf,

Z = 1TCoS 0,

forr >0,0< ¢ <m and 0 < 0 < 2r. Then by changing of variable of spherical coordinate, the

triple integral is equal to

///TS”“Zﬁ d¢d9dr—47r/ (r2 _dr

w/2 t
= 471'/ (& sec? avda (let r = tan o, dr = sec® a da)
0

tan® a + 1)2
w/2 t 2 w/2 /2 1— 2
:47T/ anzadazélﬂ'/ sinzadoz:47r/ Mda
o  sect« 0 0 2
L /2
— 4 2a — sin(2a) e T2
1 Y 1

Ans: (B).

The bounded solid can be performed as the following type,

D={(z,y,2) | 0<a?<y<4,0< 2 <y}

={(z,y,2) | 0<2z<y, 2> <y<4,-2<z<2}

—{(@y) 022y, ~F<a< Vi 0<y<4)

:{(x,y,z) | z§y§4,m2§z§4,—2§x§2}u{(x,y,z)|x2§y§4,0§z§x2,—2§x§2}.
Ans: (C).

EZ2:3e5

(A) Let Zooiobn =g € R. Since b, > 0,0 < b, < B for all n € N. Hence 0 < a,b, < SBa,.

If anoan converges, then ano(ﬂ a,) = f3- Zoan does also. By comparison test, Zn: anb
converges. "
(B) Since |(—=1)"a,| = a, > 0 and anoan converges, we have that ano(—l) a, converges

absolutely.

1 1 o =
(C) Set a,, = m, b, = i for all n € N. Then a,,b, > 0 for all n € N. anoan = Z




12.

13.

14.

n 1
converges by p-series test, and lim,, Z— = limn_>OO —— = 0. But Z 0 = Z z diverges by
k=1

n

p-series test.
(D) Since Y a, converges, lim,_,o, a, = 0 by divergence test. Notice that 1 +a, >1+0 =1,
In(1+a,) >1nl=0. Apply 'Hopital’s Rule to find the limit,

i In(1+a,) _ lim In(1+1¢)

= lim —— =1 € (0,00).
n— 00 A, t—0+ t t—o+ 1 +t

With the hypothesis that Zm_oan converges, we have ZOO_O In(1+a,) converges by limit comparison
test.
Ans: (W) B D).

f(0) 1 o 1 . 00
1 < ] forall z € (—1,1), and anom = e, by comparison test, Zn:

converges absolutely for z € (—1,1).

F(0)

:L,n
n!

(A) Since

(o)
(B) Any power series Z 7Oansc” whose interval of convergence must of one of the following forms:

xo, (X — 1,20 + 1), (To — 7,20 + 7], [T0 — 1,20 +7), [X0 — 7,70 + 7], (—00,00), xo € R,r > 0.

-1 1
(®); Zj:o( - x" converges for x = 1 by alternating test. But Z ( Z o=

(D) Let y = x2. Then we have Z _OanxQ" = Zany". Hence the radius of convergence of

o0
Do i V2.

Ans: (A) (D).
1 T oo nx" = n
F ——, let y = . Th g :E " H set a, =
or x # 5 et y 1 en w0 D)2z £ 17 :0”+1y ere, we set a
n y" for all n € N. Then
n+1
n 1)?
lim Antl) _ lim 7(714— ) lyl = ly|-
n—oo | n— 00 n(n + 2)

nx”

Therefore, Z:;O CESEEESID = nz;onj_ly" converges absolutely while |y| < 1; that is,

z z 1 o n
< 1. Thus -1 < <1l x> -z < —1. Fi =1, o di-
2x—|—1‘ e 27 + 1 R T or [y 2om ¥ @
n
verges since limn_won Z T = = 1 # 0. Finally, we can certainly say that E Yy s 1;1(%2:0 1)

1
converges absolutely if and only if z € (—o0, —1) U (—3, oo).
Ans: (B) (C) (D).

(4) Let 6 € R. Set 4 = (cos#,sinb).

Case I: sinf = 0. Then

f(rcosf,rsinf) — f(0,0) (r? cos? 6)(rsin )

Dz(0,0) = li =1li =0.
0,0) r0 r 50 r(rtcost @ + r2sin” 0)
Case II: sin® # 0. Then
cos? fsin § cos? 6
Dg 0,0 = lim = .
(0,0) = 0 (r2cos*§ 4+ sin®6)  sind



15.

Thus Dz(0,0) exist for all unit vector 4. But

lim f(t, %) = li BUAAL £(0,0)
v AL 4+ (12)2 T 9 a i
f is discontinuous at (0,0).

(B) For @ # +(1,0) or (0, 1), we have

. (rcosf)(rsinf) . cosfsinf .
Da(0,0) = ll—% r(r2cos?  + r2sin6) 71’1—% r diverges.

(©)

D(0.0) = lim (272 cos? 0 + r* cos* 0)(r sin 6)2
=0 r[(2r2 cos? § + r* cos? 0)2 + r2 sin” 0]
i (2cos? 0 + r? cos? §) sin 0
= lim
r=0 (2r cos? 0 + 13 cos )2 + sin® 0

0, if sind =0,

2 2
CObee, if sin@ # 0.

sin
But (22 4) (22 4) 1
to+t) - (2t + ¢
. 2 NRT 1
lim f(t,2¢* +t*) = lim CEESDEE D # £(0,0),

f is discontinuous at (0,0).

(D) Any polynomial are differentiable on R?, and thus, directional derivatives exist and keep the
property of continuity.
Ans: (A)(C)

(A) By Fubini’s theorem,

F(z,y) = /0ﬂc /022/ sin(st) dt ds = /Or (iCOS(st) j:) ds D
1

= / —[1 —cos(2ys)]ds for all (z,y) € R
O 8

By fundamental theorem of calculus, we have

1
Fy(z,y) =

—[1 —cos(2zy)] for x # 0 and for all y € R.
x

) dt
s=0

(B) By Fubini’s theorem,

2y pz 2y 1
F(x,y) :/ / sin(st) ds dt :/ <_t cos(st)
0 0 0
2y 1

= / E[1 —cos(xt)]dt  for all (z,y) € R
0

By fundamental theorem of calculus, we have

Fy(z,y) = <CZ/(2y)> (;y[l - cos(2xy)}) = ;[1 —cos(2zy)] for y # 0 and for all z € R.

(C) Now, by definition of partial derivative, we obtain

F(t,0) — F(0,0 0-0
F,(0,0) = lim (t,0) © ):limTzo by (1).

t—0 t t—0

(D) By (),

Foy(z,y) = <§y(2$y)> (i sin(2xy)) = 2sin(2zy) for x # 0 and for y # 0.

5



On the other hand,

Fy(z,y) = <a(2xy)> (le sin(2:1:y)> = 2sin(2zy). for x # 0 and for y # 0.

ox
Ans: (B) (D)
BET &)

1 2 1 V3
. The point whose polar coordinate (r,6) = ( TF) is (rcosf,rsinf) = (—4, \4[) The slope of

23
1 V3
the tangent line at <—4, \f) is

lsin@—l—rcos@

dy _ db
dz (w,y)=(—1/4,v/3/4) @ cosf — rsinf
do (r,0)=(1/2,27/3)

—sin? 0 4 rcosf

: : does not exist.
—sinfcosf — rsinf ‘(Tﬂ)_(l/mﬂ/g)

1 v3
Thus, the tangent line is vertical, we can say that b = 0. Put (z,y) = <—4, [) into ax+by+1 =0,
we obtain that a = 4.

Ans: (4,0).

3sinf =1+sinf < sinf = @9:%—1—2/{:71'@9:5%—4—2]{:%,/4:62.

DN | —

3 35
So those curves intersect at point of polar coordinate (r,6) = <2, g) or <2, (?)

Notice that 3sinf > 1 + sin§ if and only if % + 2k <6< %T + 2km, k € Z. Hence, the area of the

region that lies inside both curves is

/6 1 57/6 1 T 1
/ 5(3sin0)2 d9+/ 5(1—|—Sin0)2 d9+/ —(3sin6)*do
0 T

/6 57/6

TI'/G 1 ‘IT/2 1
=2 / (3sin9)2d9+/ —(1+sin6)*do
0 2 w/6 2

( by the symmetry of those curves with respect to y- axis)

. /6 . w/2
_ <99_951n(29)> N <39_C089_bll’1(29)> :577r.
4 8 0=m/6 4
2

0—0 4 8
. Let g(z,y,2) = 22 +y*+ % —6, and A € R. If (a, b, ¢) is on the constraint such that f(a,b, c) reaches

the maximum, then

Vf(a,b,c)+ AVg(a,b,c) = (b,a — ¢, —b) + A(2a,2b,¢c)
= (2 a+b,a+2X\b—c¢,—b+ Ac) = (0,0,0),

and g(a,b,c) = 0. Next, we will find the value a, b, c.

Case I: A =0.



Then (b,a — ¢, —b) = (0,0,0), f(a,b,c) =b(a—c)=0.
Case II: A #0.

Then (2Aa +b) + (—=b+ Ac) = AM2a+¢) =0, ¢ = —2a. And so on, b = A¢ = —2Aa. Therefore,
a+2Xb—c=a+2\—2\a) — (—2a) = (—4X\?* + 3)a = 0.

Subcase I: a=0.
Thus b = ¢ = 0. But g(a,b,c) = —6 # 0, contradiction.

Subcase II: a # 0.

—2a)?
Hence —4X2+3 =0, A = :I:\ég. Now, g(a,b,c) = a® + (—2Xa)? + % —6=6a>—-6=0,a==%£l1.
Therefore, f(a,b,c) = b(a — ¢) = (—2Xa)[a — (—2a)] = —6Xa = +3/3.
Ans: 3\/3.

. Let (a,b) = (1,0) and (h, k) = (0.2,0.1). For convenience, we first get u(a,b) = 1 and v(a,b) = %
Then

fla+h,b+ k)~ f(a,b) + Vf(a,b)-(h,k)

= g(u(a7 b)v v(a, b)) + ((guuw + Go Vs, GuUy + gvvy)) |(gg,y):(a7b)) . (ha k)

y
=g (1, %) + ((Z 1+ (Inw) - ﬁ, % 2y + (Inwu) - e¥ arctanx))

(w,y)=(a,b)

T 7 0.27
— T (1 (7 ) 2,0.1) = — = 0.057.
1 (In1) + 47O (0.2,0.1) 1 s
Ans: 0.05.
. Notice that R = {(z,y) | r<z+y<3m,—nm<z—y<m}. Let u=2+yand v =2 —y. Then
T = 4 ;— Y and y = % By Fubini’s theorem and changing of variables, the integral is equal to
T 3T ox ox T 3T 3 4
2= 2 1 1 27 m
2 32 ou ov _ 2 202 _ —
/ / (v smu)|@ ay[dudv—4</ vdv)(/ smudu>_4.3.2w_3.
—T ™ ou ov —T ™
-
Ans: —.
3



