SUGGESTED SOLUTION FOR COMPREHENSIVE ASSESSMENT OF
CALCULUS (II) IN SUMMER, 2018 (106-2)

TAN UJ-TSIAT

ABSTRACT. This text is a document of suggested solution for comprehensive assessment of Calculus (II),

which is held on June 13th, 2018. It happened during the second semester on 106th academical year.

Question 1. [10-4 %] Observe that the region is symmetric about the z-axis. Notice that r = 3cosf >
0@—%+2n7r§9§%—l—ZnﬂforallnEZ;r:1+008920®9€R.

Now, if these curves intersect at points which lie above z-axis, then they intersect at (r cos 8, r sin ) where
3cosf =1+ cosfh,and 0 <O <m. Sof = g Notice that 3cosf >1+cosf & 0<60< z.

Hence the area A is equal to
w/3 1 w/3 1 w/3
2 / 5(3(:050)2 d0—/ 5(1—1—0059)2 do :/ 8cos® —2cosf — 1 db
0 0 0

w/3
:/ 400520—20050+3d9:2sin20—251n0+39|gi%:7r.
0

w

Notice that 6 between 0 and g of integrations mean the top half of the region.
Ans: (B).
Question 2. [13-2 %] v(to) = (1,0,1) & ¢, = 0.

Y (t)],—g = € (—cost —sint) i +e *(—sint+cost)j —e 'k —i+j-k =(-1,1,-1).

t=0 —

Thus the equation of the tangent line is

r= 1-—t,

L:qy= t,teR.

z= 1-—t,
Ans: (B).
Question 3. [11-8 %]

;37%2" = 2 (3x2)n converges < |3x2| <lez| < %

Ans: (C).

Question 4. [11-3 % %] (4) Let S, = ZZ:I ar. So lim,_yo0 S, = 21;“;1 ap :=s € R.
lim a, = lim (S, — Sp—1) = lim S, — lim S,_1 =s—s=0.
n— oo n—o0 n— o0 n—oo

(B) |lan| — 0] = |an| = |an, — 0|. By the € — § definition of limit, lim,_, |a,| = 0.
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— 1
) 2# g + 2nm for all n € Z, sin2 < 1. By p-series test, Z —— diverges.
n

sin 2
" n=1
(D) Let a,, = b,, = 1 . Then A= B = 1/2 =1. But
2 1-1/2
n=1 n=1 4
Ans: (D).
. 1 1
Question 5. [14-6 % %] Let u = (\/i’ \/5)
— f La L) - f(0,0)
Do) = i SOOI Z50.0) _ (5 f2
2 3 5
h h 1
1 (ﬁ) (7) . h? (7) 1 V2
= lim 7 i 7 | = lim 7 il = = T
h—00 (’L)Jr(i) h—00 h42(i) 2v/2

Ans: (B).

Question 6. [14-8 %] [Way ] Let f(z,y) = 2® + y? and g(x,y) = 22 — 22 + y*® — 4y. If (a,b) reaches the

maximum of f, then there exists a A € R such that

2a = \(2a — 2), (1)
Vf(a,b) = AVg(a,b),
(. 0 < q2b=A(2b—4), (2)
a, =
g a?—2a+b*—4b=0. (3)
- (A=Da = A
Eq. (1), (2) implies that Hence (A —1)-2a =2\ = (A —1)b. If A =1, then 2a = 2a — 2
A=1b =2\
by (1), contradiction. So A — 1 # 0, 2a = b. Thus by (3), a® — 2a + (2a)? — 4 - (2a) = 5a® — 10a = 0.
(a,b) | f(a,b)
0,00] 0
(2,4) | 20

[Way 1l] Notice that x? + y? is the square of distance of points (z,y) and the origin. The constraint

(x —1)2 4+ (y — 2)®> = 5 is a circle centered at (1,2) with radius v/5. Hence the maxima of z2 + 32 is
2

(11(0,0) — (1,2)[| + V5)" = (2v/5)? = 20.

Ans: (B).

Question 7. [14-2 Y| Notice that lim;_,(¢,1) = limy_q (¢,¢) = (1,1). But

00D 0
oz + @02 A oz mo?
i @ORY 21

2

—; (Int)2 + (In1)2 51 2(Int)2

Ans: (D).
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Question 8. [15-5 %] Let Q = {(z,y) € R |22 +y* <1 and z = zy > 0}. Then for z = rcosf, y = rsin¥,

we have
x2+y2§1andz:xyZO@rQ§1,r2cosesin920<ﬁ>0§r§1,sin2920
T
<r<l1, <0<7 r— <6< —.
S0<r 0 2 g S0=<

Thus the area of the surface is
2 2
A:// 1+ 9z + 0z dxdy:/ V14 y2 + 22 dxdy
Q Ox dy Q
/2 pl 3n/2 1
= / / V1+7r2rdrdd + / / V1472 r drdf (change of variable by polar coordiante)
0 0 0 0
1 1
1
:7r/ V1+r2rdrdd=m- 5(1—1—7"2)3/2
0

r=0

- g (2\@—1).
Ans: (C).

Question 9. [15-2 Y] (4)

1 z—1 1 1 1 .
/ / dydx = / (x—1)— (22 =1) doe = —2® — =23
0 Jaz2-1 0 2 3

y+1 -1 1 9 _
/ / dxdy:/ y+1—vy+1dy=§y2+y—§(y+1)3/2
0

1yl 1 9
// dxdy:/ y+1—y—1ldy= =(y+1)%2— =92
0 Jy+1 0 3 2

Question 10. [14-4 % %] Let f(z,y, 2) = 2yz +2yz + 2222 — 1 and g(z,y, 2) = 2%y*2%2 +yz — 222+ 1. Then
Vi(z,y,2) = (yz + 222%, 22 + 22, 2y + 2y + 22°2),
Vy(z,y,2) = 2wy?2% — 2wz, 220%y2° + 2,22%9y° 2 + y — 2?).

Then the direction of the line (a,2,b) is parallel to Vf(1,0,1) x Vg(1,0,1) = (2,3,2) x (-2,1,-1) =
(—5,-2,8). So (a,2,b) = (5,2,-8), a+ b= —3.

Ans: (A).
. ) _l)n—i-l 1
Question 11. [11-6 Y] (A) Since > > — >0 and Z — dlverges by p-series test,
n(n+1) n+1 2n 1
SO Z diverges by comparison test.
Ty/n(n+1
1
On the other hand, ﬁ J 0 as m — oo. By alternating test and the paragraph above, this
n(n +
alternating series converges conditionally.
_ (—1)ntion . 2" . Ong1 . 2 .
(B) Let a, = Gn T 1 = G 1) Then nlgréo o nh_)rréo M3 0 < 1. Hence the series

converges absolutely by ratio test.
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1 11
(wsaﬂ@:ﬁ@fmwThmf@%ifﬁmfgzgﬂvifa>0@€F73>0@x>21fm

1 1)
strictly increasing on (27,00). While z > €% > 26 = 64 > 27, f(z) > f(e®) = €2 -6 > (1 + = T + 2!) —6=
6.25 —6 > 0.

—1)"*+1(Inn)? $/n)? 1 =1
Therefore, when n > €5 ¢&n —Inn > 0, (=1) n2( ) < (\g) = i E i3 converges by
p-series test. So this alternating series converges absolutely by comparison test. -
arcta 1
(D) - 2nn < 2% and E oz converges by p-series test. So the series converges absolutely by
n n n
n=1

comparison test.
Ans: (B)(C) (D).

Question 12. [15-1 %% %] (A) This is fine, for any integrable function.
(B) First, F(z,y) = [ J) f(s,t) dtds by Fubini’s Theorem. Set hy(s) = [ f(s,t) dt for all (s,y) €

R?. Then for any y € R, h, is continuous on R. By Fundamental Theorem of Calculus, Fp(z,y) =
13}

%fo hy(s) ds = hy(x) = [} f(x,t) dt. Similarly, F, = —fo Jy f(s,t) dsdt = [ f(s,y) ds. Hence
F,, F, are both continuous on R2, F is differentiable on R2
0
(C) By (B), Fyy(z,y) —fo = f(z,y). Similarly, F,(z,y) = 6‘71:[0:6 f(s,y) ds = f(x,y).

(D) By (B), for x > 0,
Fuw) + Fyfe) = [ g0 e+ [ sisa) ds
0 0
— [ He)+ S du= [ g - S du=o.
0 0

Ans: (A)(B) D).

Question 13. [13-2 %] 6—z—22=—(z+3)(z —2) >0« —3 <z < 2. Thus

B 2
glgg(/a (6 —x —x?) dx:/73(67x7x2) dx.
Ans: (A (D).

Question 14. [14-8 %] Let D(a,b) = fzz(a,b)fyy(a,b) — [fmy(a,b)}2 = a?b? — (a — b)? = (a® — 1)(b* —
1)+2ab—1=2ab—1 for (a,b) = (£1,£1). Then

(a,b) +(1,1) +(1,-1)
D(a,d) 1 -3
Ja(a,b) 1 3

extreme value type min. | saddle point

Ans: (A) (D).

Question 15. [15-6 s %]

0 <z<1-—y, ve
JE 0 <z<y?
r <y<l, =
0 <y<I1,
0 <x<1
0 <z<L1—-y<l1
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Hence

1,1 1—y 1 py? pl—y 1 pl—y py?
[ [ t@wedstyas= [ 7 [ st dsdsay= [ [ [ slony.2) dodzay
o JyzJo o Jo Jo 0o Jo 0
1 pl—z py? 1 p(1=-2)% pl—z 1 pl—/x pl—z
:/ / / f(z,y, z) dedydz :/ / / f(z,y, z) dydxdz :/ / / f(z,y, z) dydzdz.
0o Jo 0 0o Jo Nz 0o Jo Nz

The choice (A) is just changing the dummy variable.
Ans: (A)(B) (0).

Question 16. [10-3 % %] Notice that © = rcosf and y = rsinf. Then

1 . 1
dy d%(rsin@) _ r'sinf+4rcosf 797251110 + §COSQ _ —sinf 4 fcosb
dr  L(rcosf) 71'cost —rsind ficosﬁflsine —cosf —fAsind
02 0
if 0 # 0 and — cosf — Osinf # 0. Hence
dy _ —sinf +6cost _
dr|,_, —cosf—0sinf|,__ i
Ans: —m.
Question 17. [11-8 %] For = # 0, by ratio test,
( (711))7;11 "t n ||
. n+1)-3™ 1 A _ _
. . . o0 (_l)n . oL .
While z = 3, the power series is equal to >~ ; ———, which converges conditionally by alternating test

n
and p-series test.

0o 1
n=1 E

While x = —3, the power series is equal to )
Ans: (-3,3].

, which diverges by p-series test.

Question 18. [15-9 %% % %]

line Segment (17 O)a (27 O) (2a 0)7 (07 _2) (07 _2)7 (07 _1) (07 _1)7 (17 0)
line equation in (x,y) y=0 T—y=2 z=0 r—y=1
line equation in (u,v) u="v v=2 u=—-v v=1

The area of T(E) is

2 v 2 2
// dudv = / / dudv = / [v—(—v)] dv= / 2u dv = v?
T(E) 1 J—v 1 1

Question 19. [15-1 %% % %] The amount of (4,5) in double summation is n - n? = n3, thus AzAy = %
n
1 1 1
2

TS = 3 - —
Vn?24+ni+j n 1+(%)+(#)

Ans: 3.

for some constant ¢. Now, n™

1|i=n j=1]i=n*> 1
T ‘ ,fand—2—>0asn—>oo.
1 n n

n2
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Hence

dxd 1 1
//<3:y<1\/% //m dy—/o (2 L+z+y
:2/0 (V2+y-vi+y) dy2[3((2+y)3/2(1+y)3/2)]
zg{(3\/§—2\/§)—(2\@—1)}:%(3\/3—4\/5-1—1).
Ans: %(3\/3—4\/§+1).

Question 20. [13-2 %]y =0<1-2%2 < —1 <2 < 1. The volume is equal to

1 p1 pl—z? 1 1
/ / / dydmdz:(l—O)-/ (1-2%) do=2— _2*
o J-1Jo -1 3

1

ol =~

r=—1

A 4
ns: —.
3
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