SUGGESTED SOLUTION FOR COMPREHENSIVE ASSESSMENT OF
CALCULUS (II) IN SUMMER, 2019 (107-2)

TAN UJ-TSIAT

ABSTRACT. This text is a document of suggested solution for comprehensive assessment of Calculus (II), which is

held on June 19th, 2019. It happened during the second semester on 107th academical year.

Question 1. [15.3-S-%] The integral Of/ / sin(y?) dydz equals

(4) sinl;  (B) cosl; (C) 1 —sinl; (D) 1 —cosl.
Solution 1. Set I be the integral. Notice that
0<x<2, 0<x<2
T < =3
§<y§1 x<2y<2 0<z<2y.

By Fubini’s theorem,

1 2y 1 9 1
I = / / sin(yZ) dxdy = / (x . Sin(y2)| y_o) dy = / 2ysin(y2) dy.
o Jo 0 o 0

12 1

For change of variable, set 4 = y2. Then du = 2y dy, and thus I = / sinu du = —cosu| =1—cosl.
02
0
Ans: (D).
: . . 1+z
Question 2. [11.10-S-%] The first three nonzero terms of the Maclaurin series of f(z) = In are

2 2 . 2 52 2 2 . 2 . 2
9] 2x+§z +§x (B) 2x+§x +gac, © Qxfgx +gx (©)) 2%751 +gx.

Solution 2. For |z| < 1,

flx) =In(1+2z) —In(1 — ) ( )—( n+1 )

o0

D" +1 =2
:Z( )"+ xn+1_z 2k+1_2$+ x+ x
o n+1 k02/<:+1 =

2k+1

Ans: (B).

Question 3. [13.2-S-%] Which of the following is the tangent line to the parametric curve y(t) = (te',t — 2Int)
at v(1)?
W ex+y=e’+e; B ax+y=e+1l; © z+ey=2e D) z+ 2ey=3e.
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= (2e,—1). So the tangent line is

2
Solution 3. First, v(1) = (e, 1), and (1) = <(t +1)et, 1 — t>
t=1

T —e = 2es,
(x,y) —v(1) = s7/(1), seR & seERS (z—e)+2e(y—1) =0 x+ 2ey = 3e.
y_lz_sa
Ans: (D).

Question 4. [14.7-S-% % %] Find the smallest value of o such that the inequality (z+2y+32)* < a(z*+2y*+324)
holds for all real numbers x,y, z.
(M) 6% (B) 5% (C) 4% (D) 3%

Solution 4. Let a € R and f(x,y,2) = a(z* + 2y* + 32%) — (x + 2y + 32)* for all (x,y,2) € R?. Now we need to
find @ € R such that f(z,y,2) > 0. If r%ign f(x,y,z) := m exists, then m > 0.
To find m, we may solve V f(x,y,z) = (0,0,0). Thus

Vf(z,y,z) =4 <aw3 —(z+2y+32)3,2 [ay3 —(z+2y+ 32)3} ,3 [a23 —(z+2y+ 32)3]> = (0,0,0)
s ar® =ay® = a2’ = (z + 2y + 32)%.

Case I: a=0= (z+2y+32)3 Thus f(x,y,2) = —(z + 2y + 32)*. But £(1,0,0) = —1 < 0. Contradiction.
Case II: a#0.So 2® = 3> = 23, 2 = y = 2. ax® = (v + 22 + 32)3 = 6323, a = 63. By Cauchy-Schwarz

inequality,

f(z,y,2) =6 [(1+2+3)(z* +2y* + 32")] — (v + 2y + 32)*
> 67 (2* + 2% + 322)2 —(z4+2y+32)" = [(1+2+3)(a® + 2> + 32’2)]2 —(z+2y+32)*
> [(m+2y+3z)2]2 —(z+2y+32)*=0.
Ans: (Q).

Question 5. [10.1-S-%] The maximum value of 22 + y? over the circle (x 4+ 1)? + (y + 1)? = 4 equals
(A) 44 4v/2;  (B) 10; (C) 5+4v2; (D) 6+4v2.

Solution 5. [Way I] Let (z,y) = (=1 +2cosf,—1+2sinf), § € R.

224+ y? = (=1 +2cos6)? + (=14 25in )2 = 6 — 4(cos @ + sinf) = 6 — 4v/2sin <9+ %)

Thus rggﬁ((ﬁ +9?%) =6 — 4¢/2sin (—?Zr + Z) =6+ 4v2.

[Way 1] We apply the method of Lagrange multiplier to find maximum at point P. Let f(z,y) = 22 + y? and
g(z,y) = (x+1)2+ (y+1)2. Note that Vf(z,y) = (2x,2y) and Vg(z,y) = (2(x+1),2(y+1)). As Vg(x,y) # (0,0)
for g(z,y) = 4, P satisfies

Vf(z,y) = AVg(z,y),
glz,y) = 4

A
Since (z,y) # (0,0), we know that V f(x,y) # (0,0), and A can not be zero. So x =y = T with A # 1, it gives
(z,y) = (=1, —1) + (v/2,+/2). Furthermore, (ma)x ) flx,y) = f(=1 =2, -1 —/2) =6 +42.
g(z,y)=

Ans: (D). -
Question 6. [15.6-S-%k % %] Let S be the portion of the hemisphere f(z,y) = /25 — 22 — y? that lies above the

disk 22 + 32 < 9. Then, the surface area of S equals
(A 7, (B) 10m;  (C) 5bmw; (D) 12m.
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Solution 6. The surface area =

[] i - //JH(? e 2@_@/)1(;;_1&)%

z2+y2<9 2 +y2<9
25—w2—y 25—362—y
224y2<9 x24y2<9

Now change of variable for polar coordinate, set = rcos# and y = rsin, we have

27T 3 27 3
5 5
5= 5 b= a9 5 4
/0 /0 Vs </0 )</0 Voo T>

= o ( _O> = (\/25 32 - \/254)2) =97 (=5)- (4—5) = 10m.

Ans: (B).

3
25 — 12

Question 7. [14.3-S-3 % %% %] Suppose f(z,y) is a continuous function satisfying

f(z,y) —x® —y?

im =0.
(@y)=12) /(z —1)2 + (y — 2)2
Then, f.(1,2) equals
(A5 @4 (@ 2 D .
Solution 7.
_ _ 92 _ 2
flx,2) —a% -2 :hmf(x,Z) T 4:0
z%l (x _ 1) (2 _ 2)2 z—1 |I — 1‘
_ _ _ p2 _ _
= lim M = lim M :|O|:O = hmwzo_
z—1 | — 1] z—1 z—1 z—1 z—1

Notice that lim z — 1 =0, lim f(z,2) — 2% —4 =0, lim f(z,2) = lim 22 + 4 = 5. Since f is continuous at (1,2),
z—1 x—1 z—1 r—1

lim1 f(z,2) = f(1,2) = 5. Finally,

Pl

£(1,2) = lim L&D =2 ) @2 =5

r—1 r—1 x—1 x—1
2) — 2 —4 244-— 21
g (@2 )+ @ADL oo
r—1 r—1 z—1 x — r—1

Ans: (C).

Question 8. [15.4-S-% %] Let E be the solid bounded by the sphere 2% +y?+ 22 = 4 and the cylinder z?+(y—1)* =
1. Then, the volume of FE is
16 16

16 16
4 —@Br—1); B —@Br—2); (©€) —Br—4); @O —(37-23).
9 9 9 9
Solution 8. By the polar coordinate on R?. Notice that

D={(z,y) eR* |2+ (y—1)* <1} ={(r,0) |0<O <7, 0<r<2sinb},
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and 22 +y? + 22 <4 & —\/4— (22 + ?) < /4 — (22 + y?). So the volume of FE is equal to

x2+y 2sin @ VA=r? T 2sin 0
// / dzdA = / / / r dzdrdd = / 2rv/4 — r2 drd6
4— (12+y Va=r2 0 0

(z,y)EE
2sin 6 9 T 3/2 2 7T
) de:_f/ (4— 4sin?0)” —8d9=—§/ 8| cosd|° — 8 db
0 0

4 2 3/2
= —Z(4—r?
/0 < 3( ) r=0
/2
2 1 1
_.® (1——”) L —
0—0 3 3 2 9

2 /2 2 1. .
=(-= ~2~8/ cos® 9—1d9——3— sinf — = sin®0 — 6
3 0 3 3

Ans: (C).

w

Question 9. [15.10-S-% %] Let T'(u,v) = (2019u + 2020v, 2017u + 2018v) and R be the trapezoidal with vertices
(0,0), (4,0), (1,2) and (3,2). Suppose S is a region such that T'(S) = R. Then, the area of S equals
a3 ®6; (€ 12; (D) 24.

Solution 9. Notice that area of R = (||(3,2) — (1,2)]| +||(4,0) — (0,0)|]) - 2 = 2 = 6. Let = 2019u + 2020v and
y = 2017u + 2018v. On the other hand, area of R =

- ] - ]

Therefore, area of S = 5 = 3.
Ans: ().

2019 2020
2017 2018

dudv = // 2 dudv = 2 - (area of 5).
S

Question 10. [10.4-S-% %] Consider the polar curve r = 1+ 2cos 6 and let R be the region inside the larger loop
but outside the smaller loop. Then, the area is

W) 7+3; B 7+2v3; () w+3V3; (D) w+4V3.

Solution 10. Notice that r(6 4+ 27) = r(0) = r(—0). Thus we can consider the question on —7 < § < 7 only, and

we can discover that the graph is symmetric with respect to the z-axis.

2w 2
For —m <60 <, y(0) =rsinf = (1+2cosf)sinf > 0 if and only if (—7 <0 < —gor 0<6< g ). Here we
2
deduce that the upper-larger loop between § = 0 and 6§ = %, and the the upper-smaller loop between § = —7 and

i

3
Thus the desired area =

27/3 1 —27/3 1 27 /3 —27/3
2 / 3 2 df — / §r2 de :/ (1+2cosh)? dé)f/ (1+2cosh)? df
0 —T 0 —7

27 /3 27 /3
:/ 1+4COS€+4C0820d07/ 1+ 4cosf+ 4cos? 6 do
0

27 /3 —2m/3
z/ 4cosf + 2cos(20) + 3 db — 4cosf + 2cos(20) + 3 do
0

—T

(4sm9 +sin(20) + 39\%/3) (4811149 + sin(26) + 36| %/3)
<3\2f+2> (3\[—2> (—3%)123\/5—&-71

Ans: (C).
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m4n

e Which of the following falls in the range of f7
n)!

Question 11. [11.9-M-Je%k] Let f(x) = >
n=0

—L
2 )
Solution 11. [Way ]

1 3 5
(4 (® > © > D) 5

1
— 5 (ey + e(_y))

2

N | =

y=x y=a?

(" +e7)
for all z € R.

By inequality of arithmetic and geometric means, f(z) > Ve®® - e=2* = /1. Now, f(0) = 1 and lim f(x) = oo,
by intermediate value theorem, the range of f = f([0,00)) = [1, 00).
[Way ] Fixed € R\{0}. Then

x4(n+1)
| 4
tim |2y & ~0.
n—s o0 xin n—o0 (277, + 1)(2n + 2)
(2n)!

> 4n
X
Thus E n)! converges. By theorem of continuity of power series, f is continuous on R.
n)!
n=0

Now, f(z) > 1+ 321'1 > 1= f(0) and mgrinool + %‘: = o0. By intermediate value theorem, the range of
f = £(10,50)) = [1.00). |

Ans: (C) (D).
Question 12. [11.9-M-% %] Assume that io: apx™ is convergent at x = 1 and divergent at = 2. Which of the
following statements are FALSE? "

(4 nh_)ngC an = 0. (B) i an2~" is absolutely convergent.

n=1

(©) 3 a,3" is convergent. (D) > a,nz" ! is convergent at x = 3.

n=1 n=1

Solution 12. Let I be the interval of convergence of > a,z™, then
n=1
(01— 0,04 1-0[]=(-1,11CTC[0—[2-0,0+[2-0])=[-2.2).

(4) > an-1"= > a, converges absolutely. By divergence test, lim a, = 0.

n=1 n=1 n— oo

1 1
(B) 3 € I and 3 is not an endpoint of I (the endpoint of I are ¢, 1 < ¢ < 2). Thus this series converges.
(c) 3¢ 1.

[ d

(D) Z ay -nax" Tt = Z (anx"> converges on J, where J C I C [—2,2). Thus this power series diverges at
n=1 n=1 dz

z=3.

Ans: (C) (D).

Question 13. [14.6-M-% %% % %] Assume that f(z,y) is differentiable and set ¢g(t) = f(at,bt), where a and b are
constants. Which of the following are TRUE?

(A) If, for any a,b € R, g has a local maximum at 0, then f has a local maximum at (0, 0).

(B) If, for any a,b € R, g has a local minimum at 0, then V f(0,0) = (0, 0).

(C) If V£(0,0) = (0,0), then g has a local minimum at 0 for any a,b € R.

(D) If f has a local maximum at (0,0), then g has a local maximum at 0 for any a,b € R.
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Solution 13. (A) Let f(z,y) = cos(y — 2%) + y*. Fix a,b € R. Then g(t) = cos(bt — a*t?) + b*t*. Hence
g'(0) = —(b—2a%t) sin(bt — a®t*) + 4b"%|,_ =0,

g"(0) = 2a®sin(bt — a*t?) — (b — 2a°t)? cos(bt — a*t?) 4 12b*t? = b2

=0
Thus ¢ has local maxima at 0 while b # 0. While b = 0, g(t) = cos(—a?t?) < 1 = ¢(0), g has local maxima at 0. In
summary, g has local maxima at 0 for any a,b € R.

But f(t,t?) =8 > 0 = f(0,0) for any ¢ > 0, f has no local maxima at 0.

(®

d
g0)=0= —flat,bt)| = Vflat,bt)-{a.b)l,y = V(0,0)-(a,;b) ¥V {a,b) € R* = Vf(0,0) = (0,0).
t=0

(C) Let f(z,y) = 2®. Then Vf(0,0) = <3x2,0)|t:0 (0,0). But f(t,0) =3 > f(0,0) =0 > f(—t,0) = —t3 for all
t > 0. f has no local extreme value at 0.

(D) There is a § > 0 such that £(0,0) > f(z,y) for all (z,y) € R? with ||(z,y) — (0,0)| = /22 + 3% < §. Thus

for 0 := ﬁ and |t| < &, we have ||(at,bt) — (0,0)|| = |t|v/a% + % < 8, f(0,0) > f(at,bt) = g(t).
a
Ans: (B) (D).

Question 14. [14.6-M-%% %] Let f(z,y,2) = e* —y* — 23 + xyz and g(t) = f(at, 1+ bt,2+ ct). Suppose there is
€ > 0 such that ¢ is decreasing on (0,¢). Then, (a,b,c) can be

(8) (=3,4,12); (B) (3,—4,—12); () (0,3,-1); (D) (0,-3,1).
Solution 14. Clearly, f € C?>(R3). Thus g € C*(R), ¢'(t) = Vf(at, 1+ bt,2 + ct) - (a,b,c). So

g (0) =Vf(0,1,2) - (a,b,c) = (¥ +yz, —dy> + x2,—32% + my>|(x v.2)=(0.1.2) {a,b,c) = (3,-4,-12) - (a, b, c).
Moreover,

d
g'(t) = pr (afz(at,14bt,2 + ct) + bf,(at,1 4+ bt,2 + ct) + cf,(at, 1 + bt, 2 + ct))

=aV fy(at,1+bt,2+ct) - (a,b,c) + bV fy(at,1 +bt,2+ct) - (a,b,c) +cVf.(at, 1 +bt,2+ct) - (a,b,¢c)

= a?e® — 12b%y% — 6¢%2 + 2abz + 2acy + 2bcx|$:at bm14bt, z=24ct "

(M) ¢'(0) = —3% — 42 — 122 < 0. Since g € C}(R), there is a § > 0 such that ¢’(t) < 0 for all ¢ € [0,4). Hence g
is strictly decreasing on (0, §).

(B) ¢'(0) = 3% + (—4)% + (=12)? > 0. Since g € C1(R), there is a § > 0 such that ¢'(t) > 0 for all t € [0,0).
Hence g is strictly increasing on (0, d).

(©) ¢'(0) = (3,—4,-12) - (0,3, —1) = 0. Thus 0 is a critical point. Now,

g"(0) = a* — 12b* — 12¢* + 4ab + 2ac[ (@bio)=(0.3,-1) = ~120 <0.
So g has a local maxima at 0.
(D) ¢'(0) = (3,—4,—-12) - (0,—3,1) = 0. Thus 0 is a critical point. Now,
g"(0) = a® — 12b* — 12¢? + 4ab + 2ac =120 < 0.

(a,b,c)=(0,—3,1)
So ¢ has a local maxima at 0.
Ans: (A)(C) (D).

Question 15. [15.10-M-% %] Let f be the following function.

VI=@/t?
f(t,s) / / (x2 +9?) dydz.
—s w/t)2

Which of the followings are TRUE?
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) f(1,1) = g; (B) f:(2,1) =3m; (O fs(3,1)=9m; (D) fs(4,1) = 127.
Solution 15. Notice that

= G v i G o< - G = (- ()" <

if s, > 0. Thus
f(t,s) = // (22 4+ 9?) dydz.
D

2 2 T = trcosb,
where D = {(m,y) € R?| (E) + (g) < 1}. Let Then
t s Y = srsiné.

(z,y) _ % %gé — teosf  —trsinf = tsr.
a(r,0) % % ssinf  srcosé

By change of variable,

2 1 27
t
flt,s) = / / (t*r? cos? 0 + s*r? sin’ O)tsr drdf = : / (t? cos® 0 + s?sin? 0) db
o Jo 0

ts [P [, (cos20+1 9 (1 —cos26
i ) e ()

ts [t2 s? s+ t2 o U
= — |—sin20 — —sin2 = — 2 2 .
4[4s1n9 7 Sin 9+( 5 )9} e 4t5(t +s7)
felt,s) = F(3t%s + 57),
Hence ¢ f,(t,s) = Z(t* + 3ts?),
fis(t,s) = %’T(tQ + 52).
Ans: (A)(0).
1 1 1 1
Question 16. [14.8-M-%] Let f(z,y) = ;—i—f for z # 0 and y # 0. Assume that, under the constraint — +-— =1,
Y x Y

f attains its extreme values at P. Find P.

W (VD ® (VEVD: @ (2 o (-2,

Solution 16. [Way I] First, we apply the method of Lagrange multiplier to find P. Set g(x,y) = 272 + y~2. Note
that

Viy) =-(%y ),  Vyay =-2("y"7?).
As Vg(x,y) # (0,0) for g(z,y) =1, P satisfies

Vi(z,y)= AVg(a,y),
glz,y) = 1.
Since V£ (x,y) # (0,0), A can not be zero. So 2\ = x = y, it gives (z,y) = +(v/2,v/2). Furthermore, (nax fla,y)
g(zy)=
= f(V2,v2) = V2, and min f(z.y) = f(-V2—V2) = V2

9(z,y)=

11\’ 11
[Way Il] By Cauchy-Schwarz inequality. For x,y # 0, < + > < <2 + 2) (12 +12). Thus
Ty 2y

1 1
—V2< -+ - <V2
z oy
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Furthermore,
1 1 1 1 1 1 1
—+S=V2 e T=-=t>0& —=S=-andz,y>0
2y ¥ 22 2 2
1 1
o Pt = () = (VD).
(1) (W§ 1/\@)
1 1 1 1 1
—+-=—V2 & —-=-=t<0 & —=—==—-andz,y<0
x Y x Yy x? y2 2
1 1
@P: x, = —_— :<7\/§,7\/§>'
(@9) (1/\/5 1/\@)
[Way ] Set
L — cos#,
@ 04" nez.
%:sin@, 2

So ~ + ; = cosf + sinf = v/2sin (9 + %) < v/2. The equality holds if and only if § = % + 2nm, n € Z. Thus
P=(r,y) = (7005(;/4)7 ‘sin(}r/4)> = (V2,v2).

1 1
On the other hand, — + — = cosf + sinf = /2sin (9 + g) > —+/2. The equality holds if and only if § =
oy
T
1 +2nm, n €Z. Thus P = (z,y) = (Cos(_lﬂ/4), sin(—17r/4)) = (—ﬂ, —ﬂ)
Ans: (A4)(B).

1 1 1 1
Question 17. [14.5-M-% %] Let f(z,y) = — + — for 2,y # 0. Suppose that, under the constraint — + — =1, f
r oy T Y

attains its extreme values at P. Assume that, on the parametric curve <t,at2 + bt>, f has extreme value at P.

Find the values of a, b.

21 21

) i, =) B (—v2,3); (O —i, =) D (V2,3).
33 33

Solution 17. Set v(t) = (t,at? + bt) and h(t) = f(y(t)) = t~! + (at® + bt)~L. Since P sits on the parametric curve

v, £ <\@, \@) = v(tg) for some ¢y € R. This implies

20+V2b = V2, iftg= V2
2a — \/ﬁb = —\/i7 if to = —\/i.

By chain rule for higher dimension,

1 2at + b
K (t) = t)-{(1,2at+b) = —— — ———.
(t) =V (@) (1,2at +b) 2 (at? + bt)?
By Fermat’s theorem, as P is a local minimum of f over (t), one has h’(v/2) = 0. This implies the following

two systems

2a + 1/2b :\/5, 2a — \/2b :—\/§7

for to = V2 and for to=—V2,
2v2a+ b = -1, —-2v2a+ b =-1,
1 3a®t? + 3abt + b2
lead to (tg,a,b) = <\f, —\/573> or <—\/§7 V2,3). Now, for t #0, h/(t) =2 3 4+ (a;—+abt): . So

W' (60 4,0y = (v3—vz,a) = 2V2 > 0, and B (t0)ly, 0y (—v3,vas) = —2V2 < 0.

In summary, h has local minima at P = (v2,v2) on {(t,—v2t* 4+ 3t) | t € R\{0,3/v/2}}, and local maxima at
P = (—v2,—V2) on {(t,V2t? 4+ 3t) | t € R\{0,—3/v/2}}, respectively.
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Ans: (B) (D).
Question 18. [11.1-S-%] Determine the convergency of the sequence of {|a,|*/"}32; where

2=ntVn - if s even;

37tV if s odd .

Ay =

1 1
() It diverges.  (B) It converges to 3 (C) It converges to 3" (D) It converges to 1.

Solution 18.

lim [ag,|V/C™ = lim 2C1H+/VED iy 2(-140) 1
n—00 n—00 n—00 2’
lim Jasns /@D = lim 3CLH/VIFD  jiy g-1+0) — 1
n— oo n—o0o n—oo 3

There are two subsequences converge to different limits, thus the limit of {|a,|"/"}>2, does not exist.
Ans: (A).
Question 19. [11.4-M-% %] The following claim is TRUE:
”If there are some real 0 < ¢ < 1 and integer N > 0 such that |b,|'/™ < ¢ for all n > N, then Z b, converges.”

For the followmg series, choose the ones that can be determlned the convergency by the clalm above

) 1 1 1-3:5----(2n—1)

n=1

2
Solution 19. (A) Choose r = 1.2; notice that 1 < r < 1.5. Since lim % = 0 by L’Hopital’s rule, there is an

T—00 T
2

MGNsuChthat0<x—y<1whenm>M. Hence for all n > M,
e

1/n P 1/n
< | = =08<1.
(a57)

nl=m-(n—1)-...-5)-4l >2"1.2¢ = 2"

n

s

(B) For n > 4,

Thusig 1 for n > 4.
n! 2

1 1/n
(C) Since lim ¢z =1 by L’Hopital’s rule, lim <2> = 1. For every ¢ < 1, there is an M € N such that
—00 n n

— 00

1 1/n
<2> > q when n > M.
n
(D) Note that for all n € N,

1-3~5~7-...~(2n—3)~(2n—1)>1-2'4~6 (2n—4)~(2n—2)7i
2:4-6-8-...-(2n—2)-2n  — 2:-4-6-8 (2n—2)-2 2n
By p- series test and comparison test, it diverges.
Ans: (A) (B).

Question 20. [11.6-M-J %] Let
2-ntVn - if s even;

3=tV ifpis odd .

Ap =

o0
The following claim can be applied to show that Y a, converges:
n=1
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"If there are some real 0 < g < 1 and integer N > 0 such that \bn|1/" < g forallm > N, then ) b, converges.”
n=1

Choose the g to complete the proof.

3 5 1 1
A) —; B) —; C) —; D) -.
») 5 (B) 5 © 5 D) 3
Solution 20. Since
lim |ag,|Y/®™ = lim 2071+/V20) = iy 2(140) _!
n—00 " n—00 n—r00 2,
lim Jagne /@D = fim 3 1H/VIRED  jiy g(-140) 1
n—oo n+ n—oo n—oo 3
& 1
Hence |a,| < 2712 for n > 4. By the claim above, 3. a, converges. We can see that |a,|'/™ > 3 for all even n.

n=1

On the other hand, by the limits above, for any ¢ > %7 there is an M € N such that for any n > M,
|a2n|1/(2") < q, and |a2n+1|1/(2"+1) <q.
Ans: (A)(B).
Question 21. [11.6-P-%] Prove the following claim: If there are some real 0 < ¢ < 1 and integer N > 0 such that

|bn|1/n§q7 for all n > N,

o0
then > b, is convergent.

n=1
o0
Solution 21. By the assumption, one has |b,| < ¢™ for n > N. Note that > ¢" is convergent. By the comparison
n=N

(&) o0 &)

test, > |by| converges and thus Y |b,| converges. As the absolute convergence implies the convergence, > b,
n=N n=1 n=1

is convergent. O

FUTURE GADGET LABORATORY, DEPARTMENT OF APPLIED MATHEMATICS, SCIENCE BUILDING A, GUANGFU CAMPUS, NATIONAL
CHI1AO TUNG UNIVERSITY, HSINCHU ciTY, 30010, TAIWAN
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e Answer to Q1.
(A) First, we apply the method of Lagrange multiplier to find P. Set g(z,y) = 272 +y~2

Note that
Vf= —(x_Q,y_2> (®1x), Vg= —2<x_3,y_3> (171 4).
As
Vy(x,y) #(0,0) for (z,y) € {g=1}, (¥ 1 »)
P satisfies

V= AV, (2 4)
g=1(1F1~»)

Solving the above system gives (v/2,v/2) and (—v/2, —v/2). (¥ 2 &)
Since f(v2,v2) = V3 and [(—v2,—v3) = V2 P= (VEVI). (# 1 %)

Or
Set .
> =cosf, N
{1z (2o
Y
So

%—f—i:cose%-sine, O£ neZ)(# 1) L(cosh+sing) = —sind+cosd = 0. (181 4)
@cos@zsin@@tan@—l
& 0=7+nm,nel. (®24) (z,9)==x(2,v2) (172 &)

Since f(v2,v2) =v2and f(-v2,-V2) = —v2,P = (v2,v/2)  (# 1 4)

Or
By the Schwarz Inequality (# & # % 3%)
G+ <+ p)@®+13).  (F54)

Thus
—V2< 4+ Viy <v2 (11 4)
1 _ 1_1_ ;
(B) Next, set v = (t,at® + bt) and h(t) = f(y(t)) =t~ + (at® + bt) !
Since P sits on the parametric curve ¥(t), (v/2,v/2) = v(t) for some t € R.
This implies ¢t = v/2 and 2a +v2b = 2. (8 1 4)
Note that

1 2at +b
2 (at®> +bt)?
By Fermat’s theorem, as P is a local minimum of f over 7(t), one has h/(v/2) = 0.

This implies 2v/2a + b= —1. (# 1 4)

W(t) = Vf(y(t)) - (1,2at +b) = —

Solving the following system

2a +/2b = /2,
2v2a + b= —1,

leads to (a,b) = (—v/2,3). (& 1 &)

e Answer to Q2.
(A) Observe that

lim |ag,|"/®™ = 1 lim l/vVan — (71 4),
n—oo n—)oo
and
lim |ag |/t = 1 lim 31/V2n+l — (1 4).

This implies
1/n

lim la,|*/™ is divergent. (¥ 1 4)



(B) By the assumption, one has |b,| < ¢" forn > N. (# 1 »)

Note that Y 7 \ ¢" is convergent. (¥ 2 4 )

By the comparison test (¥ 2 4 ), > ° \|b,| converges and thus > 7, |b,| converges. (¥ 1 4 )

As the absolute convergence implies the convergence ({8 1 4 ), > °°

n=1
(C) Note that, for n > 2,
1/2n _ 9=1+1/V2n o 9-1/2

b, is convergent.

1/(2n+1) _ g-1+1/v2nF1 ~ 3-1/2

\a2n| \a2n+1|

This implies |a,|'/™ < 271/2 for n > 4. (17 3 ») By part (B), 3.°°, a,, is convergent.

n=1
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