SUGGESTED SOLUTION FOR COMPREHENSIVE ASSESSMENT OF
CALCULUS (II) IN SUMMER, 2020 (108-2)

TAN UJ-TSIAT

ABSTRACT. This text is a document of suggested solution for comprehensive assessment of Calculus (II), which is

held on June 24th, 2020. It happened during the second semester on 108th academical year.

Question 1. [10.4-S-¥%] If the length of the polar curve r = 3% with 0 < 0 < 27 is a [(7r2 +1)3/2 — 1], then a is
equal to
A 2. ® 4. (© 8 (D) 16.

Solution 1. The length of the polar curve is
27 dr 2 27 27 27
L:/ds:/ r2 + (d@) df = v (302)2 + (66)? d@z/ [30]v/ 02 + 22 dG:/ 3002 + 4 do.
0 0 0 0

1
Set u = 62 + 4. Then idu = #df. By change of variable,

(2m)%+4 3 4(72+1
L:/ V- = du = u?? (1)
02+4 2

=8 |(r*+1)"" -1].

u=4
Ans: (C).
Question 2. [11.10-S-%] Which one is the Maclaurin series of cos? z?
e} (o) 4 4n 2n
x x

, T . i J " IR . (22)
(A) ;(_1) o ® ;(—1) oy © 5+§n§(—1) ey © §+§n§(‘” DR

Solution 2.

2 1 1 = n (2x)2n
cos"z = o (cos(2z) 4+ 1) = B <Z(—1) o)l + 1) :

n=0

Ans: (D).
Question 3. [14.5-S-% %] Let w = In(z? + y? + 2?) and
x = ue’sinu,y = ue’ cosu, z = ue’.
What is the value of ?’9% at (u,v) = (672,7)?
() 2. (B4 (C)6. (D) 4872”.
Solution 3. [Way ]
w=1In [(ue“ sinu)® + (ue’ cosu)® + (ue”)ﬂ =1In (2u?e®) = In2 + 21n |u| + 2v.

Thus 8—w

dv = 2lww=emn = 2

(u,v)=(672,7)

Date: May 13, 2021.
Key words and phrases. polar curves, series in R, limits and differentiability R™, integration in R".
Thanks to Ellie Sung.
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[Way II] Note that (z,y,2) [(, )=(6r2,7) = (6m2e” sin(672), 6m2e” cos(67%),6m%€”). By chain rule,

ow _ Owdr | Owdy  Owiz
ov (u,0)=(672,7) Or dv  Jdy dv 0z v (2,y,2,u,0)=(672¢7 sin(672),6m2e” cos(6m2),6m2e7,6m2,7)
2 2 2
= % -ue sinu + % -ue’ cosu + % - ue’
24 y? + 2 R Ryt (u,0)=(67%€7,672,7)
2

= Tomdeld 6m%e” (6”267 sin?(672) + 672€” cos®(67%) + 6me’) = 2.

From the ways above, we discover that someone may probably get correct answer by first way (Compute it directly)
rather than second way (chain rule). It is a special case.
Ans: (A).

Question 4. [15.4-S-%] What is the value of the following iterated integral?
o0 o0 1
————— dzd
/_m/_w T+a 2
A 1/2. @B 7. (©€)27r. (D) oo
Solution 4. Apply the polar coordinate on R? (x = rcosf, y = rsinf). Notice that
D={(z,y) eR*| —co<z,y<oo}={(r,0)]|0<6<2m, r>0}.

So the iterated integral

27 0o 1 27 0o r o . ¢ ,
=[] e = ) e ee= () @) (i [ o)

1
Set u = r2. Then idu = rdr. By change of variable,

| 1 1
122”(320/02 (1+u)2'2d“> :2”<JE&M

Ans: (B).

t2
ot imi-—)=x.q1 0) =
. = T 5 ti>n’olo ]_+t2 =T =T.

Question 5. [14.6-S-% %] Consider the following function

2 2
£(0,0)=0, f(z,y) = w for (z,y) # (0,0).

Set g = f,. Then, the directional derivative of g at (0,0) in the direction of u = <

2 2
(0 0. (B) % © —g. (D) V2.

Solution 5. First, for (z,y) # (0,0),
ly(@? — y*) +ay - 22](a® + y°) —ay(a® —y?) - 22 y(z* +4a®y® —y*)

9(x,y) = fa(2,y) =

(22 +y2)2 = (22 1 y2)2
For (z,y) = (0,0), by definition of partial derivative,
_ .. f(0+h0)—f00 . 0-0
9(070>_fa:(070)_}lbl_1>% h _%E)%T_Q.

Therefore, by definition of the directional derivative,

g (o+h§,o+h§) — £(0,0)

Dug(0,0) = iy h i

S| =
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Actually, f is continuously differentiable at (0,0), but g is not. Furthermore, ¢ is continuous on R, and has
directional derivatives with respect to any direction. But

Dyg(0,0) = Vg(0,0) - u= (g.(0,0), g,(0,0)) - u

only for u = (£1,0) or (0,+1).
Ans: (B).

Question 6. [14.6-S-% % %] Let f be a function of two variables with continuous partial derivatives. Assume that
the directional derivatives of f at (0,0) in the direction of (3,4) and (4, —3) are respectively 3 and 4. Then, the
directional derivative of f at (0,0) in the direction of (1,1) is

5 B -5 (© i. ) _i

Solution 6.
v | 649 | @3 | (1,1)

r=(5) o= G ()

() ~wales) aales)

Since fs, fy are continuous at (0,0), f is differentiable at (0, 0). Therefore

normalized vector of v

Notice that

7 1 7
sz P 00+ S Pal(0.0)= 205 34 55 =

Actually, we need only condition that f differentiable at (0,0), to get the Dy, f(0,0).
Ans: (C).

Dy f(0,0) = (0,0) +

Question 7. [11.1-S-J% %] Assume that there is a number § > 0 such that for all |z| < d,

Z2”+1a +2x”+1+zafx —1—a1—|—23 2™
n

n=1

Then, lim a, is equal to
n—oo

1
3+2\/5. o +2\/§'

Solution 7. Let the dummy variable n = k — 1. Then

2P apa® + —z"=1—a1 + 3.2"" = <2”a +>:E"1a + 3.2"z".

Thus,

A % B 1. (©

1—a; =0, ay =1,
2m = 1
2"an+1+—:3~2",n21. apy1 =3 ——, n>1.

We will show the sequence {a,, } -, converges by aziom of completeness, that is, {a,}, -, is increasing and bounded
above. If lim a, = L € R, then

n—oo
1 1 1
= ap = lim angy = lim an lim ay, L
n—oo
N _
SoL2:3L—1,L:3 \/g.ButhlimanZalzle7£3 ﬂ-Th“SL:?)?/g'
n—oo

Here, we will claim 1 < a,, < an4+1 < L for all n € N by mathematical induction.
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1 3+1 3 5
a2:3_,:2:L< +\[:L, and as > 1 =ay.
1 2 2
Suppose that £k € N and 1 < a; <
ap41 < L. So
1 1 1 1
0< < —, Q42 =3 — >3- — =apt1 > 1.
Ak+1 ag Af+1 ag
On the other hand, from the equality of L,
! > ! 3 ! <3 ! L
—_ — a = — _ = = .
ar La k42 a1 i3

By mathematical induction, 1 < a,, < an41 < L for all n € N. That is, {a,},.; is strictly increasing and bounded
above by L.

N | =

Actually, those series converges for 0 < § <
Ans: (C).

Question 8. [14.3-S-J %% %] Let f(x,y) be a continuous function defined for —oo < x,y < oo and satisfying
fl,y) —1-2(x—e¢) -3y —7)

li =0.
e @t (g —m)?
Then, f(e,m)+ fz(e,m) + fy(e,m) is equal to
(M) er. (B)2. (€)3. (D)6
Solution 8. [Way ]
lim flz,m)—1—=2(x—e) = 3(r —m) — lim flz,m)—1—2(z —e) _0
T—e \/(x _ 6)2 4 (71— _ 77)2 T—e |x — e|
= lim flz,m)—1—-2(z—e) ~ lim flz,m)—1—2(z—e) _10]=0 = Iim flz,m)—1—2(z —e) _o
r—re ‘.Z‘—€| r—re xr— e r—re xr — €

Notice that lim x — e = 0, we have
Tr—e

lim f(a,7) ~ 1~ 2(r — ¢) = <£1Lne f(xﬂr)—xl_—eQ(x—e)> (iiinex_e> —0.0=0,

lim f(z,7) = lim 1 4+ 2(z — e) = 1. Since f is continuous at (e, w), lim f(z,7) = f(e,m) = 1. Finally,
T—e

T—e r—e
fuleyr) = lim LE@D =0T, Sl@m) —1
T—e Tr—e T—se T —e
—1—-2(x — 2o — oy
_ lim Y@ w=e)+2@w=e) o,y 2EZC) o
Tr—re Tr — e r—e €T — €

Similarly, we can show that f,(e,m) = 3. So f(e,m) + fa(e,m) + fyle,m) =1+2+3 =6.
[Way Il] Since f is continuous at (e, ),

fle,m) = (x,y%if?e,w) flx,y) = (w%ig%m)(f(x» m)—1=2(x—e)=3(y—m)+(1+2x—e)+3(y—m))
flz,y) —1-2(x—e)—3(y—m)

T )= (em) VE—e?+(y—n)? Vie—e)2+y—m)2+1+2x—e) +3(y—)

=0-(e—e?+(m—7m)2+(1+2e—e)+3(r—7) =1

Let g(z,y) =1+ 2(zx —e) + 3(y — m) and h(z,y) = f(z,y) — g(x,y). Then h(e,7) =0, and

Wz, y) —[hle, ) +(0,0) - (x,y)]

= 0.
(@:9)—(e,m) V(i —e)?+ (y —m)?
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Hence h is differentiable at (e, 7) with Vh(e,7) = (0,0). Since g is differentiable at (e,7) with Vg(e,7) = (2, 3),
f = g+ h is differentiable at (e, 7) with V f(e,7) = Vg(e,7) + Vh(e,7) = (2,3). So f(e,m) + fz(e,m) + fyle,m) =
1+24+3=6.

Ans: (D).

11
Question 9. [11.8-S-% % %% %] Suppose that E = {—3, T 1, 2}. How many points x € E at which the power

series Z(sin n)(2z — 1)" converges?
n=1
a1 ® 2 (@©3 (D 4
Solution 9. Clearly, |sinn| < 1 for all n € N. Thus |(sinn)(2z —1)"| < |2z — 1]" for all z € R and for all n € N.

Since Z |22 — 1]™ converges & [2¢ — 1| <1 & 0 < x < 1, by comparison test, Z(sin n)(2z — 1) converges
n=1 1 n=1
absolutely for x = 1 Unfortunately, we are not sure the power series diverges for other points in I at the moment.

Now, we will show that {sinn}, . does not converges to 0. Suppose not, lim sinn = 0. For every n € N,
T n—o00

cos?n 4 sin’n = 1,

sin(n 4+ 1) = sinncos1 + sin 1 cosn.

Hence
. . sin(n+1) —sinncos1 _0—-0-cosl _
lim cosn = lim
n—00 n—o0 sin 1 sin 1
But lim cos?n 4+ sin? n = 02 + 02 = 0 # 1. Contradiction.
n—oo

Thus for any = ¢ (0,1), {(sinn)(2z — 1)"} 7, does not converges to 0. (If not,

. (sinn)r—-1)" . n : 1 _
lim sinn = lim — > = (nlgr;o (sinn)(2z — 1) ) A oy ) =0

Contradiction.) By divergence test, Z(sin n)(2z — 1)" diverges.
n=1

Ans: (4).
Question 10. [15.6-S-%%] For ¢ > 0, let A(t) be the area of the surface f(x,y) = xy cos(tzy) with 2% + y* < 3.
Then lim A(t) is equal to
t—0+

14 21 2
) %“ (B) i © l. ) ﬁ

Solution 10.
fe(z,y) = ycos(txy) — tzy?sin(tzy) — y - cos0 — 0 =y, as t— 0%
Jy(@,y) = xcos(try) — txlysin(tzy) — x - cos0— 0 =z,
By the polar coordinate on R? (z = rcos®, y = rsin@), we have
D:{(x,y)€R2|x2+y2§3}={(r79) | 0 <6 <2, TZ\/?:}.

So the limit is equal to

lim A(t) = lim / \/1—}— (fe(x,y)) (fy(x,y))2 dzxdy

:/ (hm I+ (o) (fy(w,y)f) dxdy

t—0+t

V3 2m V3
:/ \/1—|—y2+x2dxdy=/ / \/1+r27‘d9dr:27r/ V1+7r2rdr
D o Jo 0



6 TAN UI-TSIAT

1
Set u =1+ r2. Then 5 du = rdr. By change of variable,

Y l4n

4

1 2m
lim A(t) =2 ~Vu du= —u®/? .
im A(t) 7r/1 2\/ﬂu 3 U 1 3

t—0t+

Ans: (B).
Question 11. [10.4-M-%% %] Consider the following polar equations.
y1: 1 =sin(20), o: r?=cos(20), A3: r=1+sinf, vy4: r=—1+sin.

Which of the following statements are TRUE?
(A) There are three horizontal tangent lines on the graph of ~;.
(B) The graph of 7, is symmetric about the z-axis and the y-axis.
(C) The graph of v3 and -4 are different.
(D) The area of the region enclosed by the graph of v, is the same as the area of the region enclosed by the

graph of vs.

Solution 11. (A) Notice that the slope of tangent line at (7" cos @, sin é) in 7y is

dy B d%(rsin@) _ r'sinf 4 rcosd

dx (z,9)=(r cos 6,rsind) a d%(?“ cos0) (r.0)=(r(8).0) r'cost) —rsint (r0)=(r(8).0)
_ (r?)'sinf + 2r? cos 6 _ (r?)'sin@ + 2r? cos 6

2r1’ cos 6 — 2r2 sin 0 (r.0)=(r(6).0) 2rr’ cos — 2r2sin 6 (r.0)=(r(0).0)

_ 2co0s(20) sin ) 4- 2sin(26) cos 0 _ sin(30)
2cos(26) cos§ — 2sin(20)sin b |, ,) (+(9).0) cos(36) (r.0)=(r(9).0)
= tan(36) |(T79):(r(5)’9~) = tan(36).
Thus
d tan(360) =0
% (@,y)=(r cos 8,7 sin §) e r? = sin(260) > 0
& 0:%7} m ez, & (Tcosé,rsiné) :(0,0),(31/4,:|:33/4>
nt <0< 5 +nr, nel 2v2' 2v2
33/4 33/4
In summary, y =0, y = \[ _ﬁ are horizontal tangent lines in total.

(B) Notice that (x,y) = (rcosf,rsin ) locates on the polar curve 72 if and only if nm — Z <f#<nm + ihk A
Now,
(z,—y) = (rcosf,—rsinf) = (rcos(—0),rsin(—0)) € v,
(—z,y) = =(z,—y) = —(r cos(=0), 7 sin(=0)) = ((=7) cos(=0), (—=r) sin(=0)) € 72.
Therefore, the graph of v, is symmetric about the z-axis and the y-axis.
(€) Notice that (x,y) = (r cos,rsin @) locates on the polar curve 3 if and only if
(rcosf,rsinf) = (cosf + cosfsinf,sin  + sin? @) = (—(— cos 0) + (— cos §)(— sin @), —(— sin @) + (— sin §)?)
= (—cos(f + ) + cos(f + 7) sin(f + ), —sin(f + 7) + sin*(0 + 7)) € 14

Therefore, the graph of v3 and ~4 are coincide.
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sin(260) = cos (g - 20) = cos (2 (% - 0)) .

Thus, we can reflect the graph of +; about the line, 8 = g, to get 2. Hence, the area of the region enclosed by

(D) Notice that

the graph of ~; is the same as the area of the region enclosed by the graph of ~s.
Ans: (A)(B) (D).

Question 12. [11.4-M-v %] Which of the following series are convergent?

2

(o] 1 [e%} e [e%¢) 1 e’} n n
(A);ntanﬁ. (B);ne . (c);m. (D>;<n+1>

Solution 12. (A) Notice that

t 1 i 1
lim 2% (lim ) <lim Smx) - .1=1
z—=0 X z—0 COS X =0 T 1

1 1 tan(1
Since lim — =0, we have lim ntan — = lim M
n—oo N n— 00 n n— o0 1/n

=1 # 0. By divergent test, this series diverges.

(B)For:czQ,aJQ22x>0,ande“c2>62't:em-e'”andem>ﬂc.Sofora:227
x x 1 =z 1\*
0<— < =—.—< |- .
e’ er . e¥ et e¥ e

1 = /1\" > > Sad > 1
Since 0 < — < 1, - converges. By comparison test, ne~ " converges. Moreover, ne " < .
bt 3 (1) comerses. By comparisn test, > : Sonert s L

n=1 n=1 n=1

(C) Forn € N, 0 < y/n < n, and so

1 1 1 1
= =—>0.
vn(yv/n+1) n+\/ﬁ>n+n o =
1

By p-series text, Z — diverges. By comparison test, Z ———— diverges.
< V/n(vn+1)
(D) Notice that for n €N,

(e )=S0 Q) 2 (@) () fmren=e
o< () = () =)

1 — (1\"
Since 0 < 3 < 1, the geometry series Z <2) converges. By comparison test, Z <

So

2

n
converges.
n+1

n=1
2

Moreover, Z ( j—l) <1
n

Ans: (B) (D).

Question 13. [14.6-M-% % %] Consider the following function

dzy?

0,0)=0 = —

f( I’ ) ? f(x7y) 4x2+y4
Which of the following statements are TRUE?

(A) f is continuous at (0,0).  (B) Dyf(0,0) exists for any unit vector u.

(C) (0,0) is a critical point of f. (D) f, and f, are continuous at (0,0).

for (x,y) # (0,0).
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Solution 13. (A) Let = 2. Then lim (z,y) = lim (y?,y) = (0,0), and
y—0 y—0

2\,,2
Fa) = F0P0) = et =5 5 A£0.0) a5 ()~ (0,0) along 2 =12

Hence f is discontinuous at (0, 0).
(B) Let € € R and u = (cos#,sin0).

Duf(0,0) = lim f(tcosO,tsinf) — f(0,0) . 4¢3 cosGsin2.04
t—0 t t—0 ¢ 4¢2 cos? § + t*sin* 0
4 cosfsin? 0 sin? 0
im = , if cosf # 0;
t—0 4 cos2 § + t2sin* 0 cos 0 7
lim 0 = 0, if cos@ = 0.
t=0

(C) From (B), f2(0,0) = D,y f(0,0) =0, and f,(0,0) = D 1yf(0,0) = 0. So (0,0) is a critical point of f.
(D) For (z,y) # (0,0),

42 (422 + y*) —day? -8z dy?(—42® + ¢
fo(z,y) = ( ) _ )

(422 + y1)2 T (e yh)?
 Bzy(4a® +yt) —dxy? -4y Swy(4a? —y?)

fylz,y) = =

y\ls (422 + y)2 (422 + )2

_ 2 : _ 2, _
Let x = y*. Then ;%(x,y) —;1_%(3/ ,y) = (0,0), and

A2 (=42 +yt)  —12y°
2

fel@,y) = fo (¥, y) = A 192~ o has no limit  as (x,y) — (0,0) along = = y*.
8y? y(4(y?)” —yt) _ 247 o
fy(zy) = f,(0%,y) = @022 + g1 = 254 has no limit  as (x,y) — (0,0) along = = y*.
Ans: (B)(C).

Question 14. [15.3-M-% %] Which of the following statements are TRUE?

(A
6 3 3 6
z—1 z—1
sin(x —y d:z:dy:/ / sin(x — y) dydz.
/3/1 y—2 ( ) 1 Js y—2 ( )
(8
1 T T 1
//\/x2+ydydz:/ / v x2 + 1y dzdy for all x.
o Jo o Jo
©)
2 45 y
/ /6721’ %Y sinycosz dady = 0.
—2Jo
(D)

1ol ey 1 pl—z py®
// / e * dzdyd:c:// / e * dxdydz.
0o JyvzJo 0o Jo 0

1

Solution 14. (&) Let E = [1,3] x [3,6] and f(x,y) = ;_ ) sin(z — y) for (z,y) € E. Then f is continuous on E.

” 2
dr =
y=0 3

By Fubini’s theorem, it is true.

(B

1 T 1
[ [ vy | <<>
0 0 0

/01 ((m2 + x)3/2 — x3> dx
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x 1 x 1 1
/ / \/:c?—i—yd:vdy:/ (2(x\/x2+y+yln’x+\/x2+y‘) > dy
0o Jo 0 =0
1 1
= 5 \/y+1+yln(1+\/y+l)f§y1n|y| dy
0

Clearly, the left integral is a constant, and the right one varies with respect to . Thus they are not identical.

(C) By Fubini’s theorem, the integral is equal to

5 2
(/ e™2" cosz d:c) </ e’ siny dy> .
0 —2

It is obviously that e=2" and siny are even function and odd function, respectively. We have e~ siny is an odd

5 2 5
(/ e™27" cosz dm) (/ e=2v" siny dy) = (/ e cosw dm) -0=0.
0 -2 0

function,

(D) Notice that

0< 2,

0<z<1-—uy, 0<xz<y?
<y<l—-2z2<1,

Ve <y <1, = S (0<y<1—z
r<y* <1,

0<z<I. 0<z<1.
0<zx<1

By Fubini’s theorem, these integrals coincide.
Ans: (A)(C) (D).

Question 15. [14.8-M-% %] Subject to which constraint, the function f(z,y,2) = 2? + y* — 22 does NOT attain
its maximum value?
W) z+y+z=1. @ 22+1y2+22=1. (C) e®*+y2=1. (D) ¥ +="+o+z =2,

Solution 15. At beginning, we need to announce that: all the constraint below are closed.

() For any t € R, (1 —t,t,0) locates on the constraint z +y+2 =1, and f(1—1¢,¢,0) = (1—t)2+t>—0%? — o
as t approaches oo.

B) |f(z,y,2)| <22 +y?+22 < 1.

(C) For any t € R, (¢,0,0) locates on the constraint e** + y? = 1, and f(¢,0,0) = t> — co as t approaches co.

(D) For any t € R, (t,Ve!’tt 0) locates on the constraint er’+2° ez — 42 and the limit f(t,Vet’+t 0) =
2 + et’+t — o0 as t approaches oc.

Ans: (A)(C) (D).

z+y 5
Question 16. [14.5-S-%] Let f(z,y) :/ e’ dt. Then, f,,(1,1) =
z—y
(4) 2¢2.  (B) 4€2.  (C) 2¢%. (D) 4e*.

Solution 16. Let g : R — R such that g(v) = / e’ dt. By fundamental theorem of calculus, ¢'(v) = eV’ Now,
0
flz,y) =gz +y) — g(x — y). By chain rule in several variables,

6 (aj — y) = e(x“’y)Q + 6(1_9)2,

O wtu) @) o

folwy) =gw+y) 5
and thus

d .2
fwy(may) = (dtet

0
) (@ = )2 = 2w+ e 4 2(a — el
t=x—y

0 , [ d
)'ax@“” +<dt€ 01

Thus foy(1,1) =2+ (14 1)e2” +0 = 4e?.
Ans: (D).

t=x+y



10 TAN UI-TSIAT

Question 17. [14.8-M-%] Let a and 8 be the absolute extreme values of f(x,y,2) = zy + 2? subject to the
constraints x —y = 0 and 22 + y? + 22 < 4. Which of the following values belongs to {a, 3}?
M4 B0 (©2. DI

Solution 17. [Way I] By constraint  —y = 0, * = y, and so f(z,y,2) = xy + 2% = 2% + 22 > 0. Since (0,0,0)
locates constraints and f(0,0,0) = 0, the minimum is 0.

On the other hand, f(z,y,2) = 2% + 22 = 22 + y? + 22 — y? < 4 —y? < 4. Since (0,0, 2) locates constraints and
£(0,0,2) = 4, the maximum is 4.

[Way ] Vf(z,y,2) = (y,x,22) = (0,0,0) = (z,y,2) = (0,0,0), and so f(0,0,0) = 0. Now, set g(x,y,z) =x—y
and h(z,y,z) = 22 + 32 + 22 — 4. By Language multipliers, if there are u, A\ € R such that

Vf(a,b,c) = puVg(a,b,c)+ AVh(a,b,c), (bya,2c) = (pu+2Xa, —pu+ 22, 2Xc),
g(a,b,c) = h(a,b,c) =0, & Sa—b =a?+0+c2-4=0,
Vyg(a,b,c) M Vh(a,b,c) (1,-1,0) M (2a,2b,2¢)
(a,a,2¢) = (u+2Xa, —p + 2Xa, 2Xc), b=a =p+ 2 a = —p+ 2Aa,
20+ =4, c = Ac,
< a =D, < 202 +c? =4,
(1,-1,0) A (a,b,¢) (1,-1,0) A/ (a,b,¢)
b=a = 2\a,
1% =0,
& <e = )¢,
20 +c* =4,
(1,-1,0) A (a,b,c),

then f attains extreme value at (a, b, ¢) with g(a,b,c) = 0 and h(a,b,c) = 0.
Then 2a? =4, a =b = +v2. f(a,b,c) = 2.
Then A =1, b=a=2a,a=>b=0. Hence c = +2, f(a,b,c) = 4.
In summary, the maximum is f(0,0,0) = 0, and the minimum is f(0,0,+2) = 4.
Ans: (M) (B).

Question 18. [15.4-S-%] The volume of the solid lying below the cone z = y/x? + y? and inside the sphere
224+ y?+22=21is

s T T om
A TR (B) 5 © Tt (©)) o
Solution 18. [Way I][Double integral in polar coordinate] Notice that

= 2 2 — 2 2
z =zt Y2, - z=y/x"+ Y2, DI Sy B

1
TP SR R 9,2 — 2

2 2
1
Notice that 2 + y? + 22 < z if and only if 2% 4+ ¢ + (z — > < <2> . Hence the solid is
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1

2
22 +y° < () } By double integral in

Remember that (x,yo,20) € E if and only if (zg,y) € F3 := {(:r,y) 5

polar coordinate, the volume of the solid F is

V://(m,y)eEgm_ ;—\/G)Z—(ﬂﬂﬂ)) dA:/o%/ow [T—G—./i—ﬂﬂ 7 dr df

[Way I][Triple integral in spherical coordinate] Notice that .

To convert from rectangular coordinate to spherical coordinate, we have p?

>0,
P2+ +2l=2 & pP=pcoso & ro=
p = coso.

Hence the solid is

E= {(x,y7z) €R3 ‘ P24y 422 <2< \/x2+y2}
= {(psirubcos@,psin¢sin9,pcos¢) cR3 ‘ g <9< g,O <p<cosgp,0<6< 277}
By triple integral in spherical coordinate, the volume of the solid F is

27 pm/2  pcos¢ 27 /2 cos ¢
V:/// de/ / / pzsinodpd¢d9:</ d9> (/ (/ P> dp) sin¢d¢>
(z,y,2)€EE 0 w/4 JO 0 w/4 0

™2 cos3 ¢ ) ( cos* ¢ /2 ) T
=27 - / singpdp | =2m- | — = —.
( S 2 |, 24

Ans: (A).

Question 19. [15.10-S-%] Let R be the region on the xy-plane bounded by the square with vertices (0, 1), (1,2),
a

(2,1), (1,0). If // (z +y)?sin®(z —y) dA = ) (2 —sin 2), then a =7
w27 ®%  © 13 O 9.

Solution 19. Let w =z +y and v =  — y. Then (x,y) is in the square if and only if 1 <u <3 and —1 <wv < 1.
Notice that the Jacobian

a(x,w:(a(u,v))‘lzzz [t ] _.1
O(u,v)  \0(z,y) Ju Qv 1 -1 2’

By change of variables in a double integral and Fubini’s theorem,

//R(x—ky)QsiHZ(x—y) dA—/11/13u231n2v gg;z’;' du dv—;</13u2 du) </11sin2vdv)

1 26 (v sin2v | 13 sin2  sin(—2)\ 13
(2 v__1> 3 ( 1 1 g (2 sin2)

T2 3 4
Ans: (C).

Question 20. [14.4-S-% %% %] Let S be the surface obtained by rotating the curve y = 22 4+ 1 on the xy-plane
about the z-axis. Then, the tangent plane to S at (1, —1,/3) is
M) 4r+y—32=0. (B 4r+y—+v32=0. (4dr+y—32=2. (D) dr+y—+3z=2.
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Solution 20. Notice that if point P = (z,y1,21), @ = (x,ya2, 22) locates on surface S, then the distance between
P and z-axis equals to the distance between @ and x-axis. Especially, they should equal to the distance between

R = (z,22 4+ 1,0) and z-axis.
VE =22+ -0+ (z—02=a?+1 & > +22= (2> +1)°, i=1,2.

Let f(z,y,2) = (x2+1)2 — (y*+2%). Then (z,y,z) € S if and only if f(z,y,2) = 0. Now, Vf(z,y,2) =
(4x(:172 +1), -2y, 722). Hence the tangent plane to S at (1, —1,1/3) is

E: Vf(1,-1,V3)- ((x,y,z) - (1,—1,\/3)) =0
& E: (8,2,-2V3) - (z—1,y+1,2—3) =0
& E: dx+y—+32=0.

Ans: (B).
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