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1. Let G(x) :/ t" et dt.
0

o)
(A) (3 points) Prove that, for any a > 0, the improper integral / e~ “dt is convergent.
0

[Solution)]

00 n efat
e %t = lim e~ %dt = lim
0 n—oo Jg n—oo —a |,_

= amm U
1

= - Ipt
- (Ipt)

so the improper integral is convergent.

(B) (3 points) Prove that for any n € N,

lim " e %2 = 0.

t—00
[Solution)]
Asn =1, lim " e™? = lim e~*/? = 0. (1pt)
t—o00 t—o00
Asn > 2,
tn—l
lim t" e ? = lim —— [by using the L’Hospital rule]
t—o0 t—oo et/2
(=1
= e (Y

[by using the L’Hospital rule again]
. (n=1n—-2)---1-1°
— i ORI

= 0.

(C) (4 points) Prove that G(z) is well-defined on [1,00), i.e., to prove the improper integral
/ h t“le~dt is convergent for any x > 1. [Hint: use (A), (B), and the Comparison Test
f(?r Improper Integrals].
[Solution]

By (B), there exists M > 0 such that

0<t" et <e2et=¢M2 t> M. (1pt)

On the other hand, thanks to (A) with a = 1/2, [T e™"/?dt converges. (1pt)
Then, by the Comparison Test for Improper Integrals, we see that f ]\Oj t"~le~tdt converges
for all n € N, and so does [~ t"'e~*dt for all n € N. (1pt)

For each = > 1, we have
0< " let < ¢l (1pt)

where [z] is the greatest integer function. Since fooo tlfle~tdt converges, we see that fooo t*letdt

also converges by the Comparison Test for Improper Integrals.



1 2
+—x4forx>0.

2. Let h(z) = T2

(A) (10 points) Evaluate /h(:}:) dz. [Hint: use the substitution ¢t = z — z~! for z > 0]
[Solution)]

Let t =2 — 27! for z > 0, then dt = (1 + 27 %) dz = dx. (2pt)
zt+1

Andt? =z —a ) =22 +2 2 -2 ie, t?+2=02"+2 2=

1+ 22 2 14 22
dr = ——d 1pt
/1+x4 v /1—|—:1:4 2 (1pt)

1
= /t2—|—2dt (1pt)
)+C  (2pt)

= —tan '(

t
V2 V2
L -t L r—at )]

(B) (5 points) Evaluate/ h(z) dx.
1

[Solution)]

/100 h(z)dr = lim Lh(:c) dx (1pt)
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