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© Part 1: BEEHE
(Multiple-Choice Questions, Each Problem with Single Correct Answer)
(HEEE > BTy T <)
(10 questions, each question is worth 5 points, for 50 points in total.)

1. Which one of the following series is conditionally convergent?

(A) §1<—1>”1n<1 +1).

(B) ngoo(—msm(g—j).

o0

(C) :21:00(—1)” sin(Z).

(D) S (~1)n-2

n=1

2. Let f(z,y) be a continuous function defined for —oco < x,y < oo that satisfies
L ) V= Vi = VD) — 2y VD)
(.9)—(V2,~v/2) \/@ V22 4 (y + V2)?

Then, £(vZ,—V2) + (V2 —V2) + £,(V2, —V2) is equal to
(A) V2. (B) 2v2. (C) 3v2. (D) 4V2.

= 0.




3. Let u be a unit vector. Suppose that f(z,y) is defined on an open disk D
containing the point (0,0), and f,(z,y) and f,(x,y) both exist on whole D.
Which one of the following statements must be TRUE?

(A) If f(z,y) = £(0,0) + f2(0,0)x + £,(0,0)y + &1 - ¥ + &2 - y, then f(z,y)
is differentiable at (0, 0).

(B) If fu(x,y) and f,(x,y) are continuous at (0,0), then f(x,y) is differ-
entiable at (0,0).

(C) If f44(0,0), f,(0,0) both exist, then f,,(0,0) = f,.(0,0).

(D) If D,f(0,0) exists for any u, then Dy, f(0,0) = ( f,(0,0), £,(0,0)) -u

4. If u = ze®, where v = o8, y = 8%y, and t = v2q, find the value of a_u when
f‘y
a=-1,=2and vy = 1.
(A) 8e%.  (B) —8e™%.  (C) 24e™*. (D) —24e™*.

5. Let D be the region on the xy-plane inside the circle 22 4+ 3? = 1 and between
lines x +y =1 and z +y = —1. Then, [[sin(x — y) dA equals to

6. Find the volume of the solid whose region is the intersection of the cube
{(z,y,2) : |z] < 1,]y| <1,]z| <1} and the ball {(z,vy, 2) : 2% + y* + 2% < 2}.
16 16 32

(A) 32(vV2—1). (B) (8—3\/5)71 (®) (10—3\/5)71 (D) 3\/571

7. Consider the solid enclosed by the surface (2?2 + y? + 2%)? = 2z(z% + y?). Let
x = psingcosf, y = psingsinf, and z = pcos¢ be the spherical coordinate.

Which one of the following options can correctly express the volume of the solid?

27 T 2 cos ¢ sin? ¢
A) / / / p* sin ¢ dpdgde.

2cos? ¢sin ¢
/ / p* sin ¢ dpdgde.
o Jo

2 cos? ¢sin?
/ / p % sin ¢ dpdgd®.

0 0

2 cos ¢ sin?
/ / p sin ¢ dpdpdh.

0

th\

[e=]



8. Consider the power series

(e 9]

a”
Z 'lnn

n:2

Which one of the following values of a that makes the radius of convergence of

the power series equal to 27

(A) 2. (B) 0. (C)1/2. (D) 4.

9. Which one of the following equations represents the plane that is tangent to the
two parametric curves v, (s) and v»(t) at their intersection point, where 7 (s) =

(s+1,s°+3, —s) and y(t) = (t — 2, t3, =t + 3).

(A) y+2—-5=0.

(B) x+2y+ 32 =6.

(C) x+2z—-1=0.

(D) y+2z—1=0.

10. Let C be the curve of intersection of the surface z = In(z? + y? — 2) and the
cylinder (x — 1)% + y* = 1 in the first octant. Find the length of C'.

(A) n(1++v2). (B) In(1++v3). (C) n(2++v2). (D) In(2+ v3).

© Part 2: %338
(Mult1ple-Ch01ce Questions with More Than One Correct Answers)
(ZEERE hor o ATy o s (EEREIR Y o sE R BETE DL B
&Gor ﬁ%ﬁlxhﬁﬂ )
(5 questions, each question is worth 5 points, for 25 points in total. The correct
answer is worth 5 points. Answers at a distance 1 from the correct answer are
worth 3 points, other answers are worth no points.)
Example:
Answer: ABC
Student: ABC => 5 points, AB => 3 points, AD => 0 points, ABD => 0 points

= (2" 4 (29)")"

11. Let f(z,y) = > . Which of the following statements are TRUE?

n=1 n!
()l T =
(B) f.(0,0)=1
(C) £,(0,0) = 4.
(D) f is differentiable at (0, 0)



12. Consider the following function

13.

14.

fog) = | Ty @97 0.0,

0, (x,y) = (0,0).
Which of the following statements are FALSE?

(A) f(x,y) is not continuous at (0, 0).

(B) f,(0,0) does not exist.

(C) Duf(0,0) does not exist for some u = (a, b) with a - b # 0.
(D) fu(x,y) is not continuous at (0, 0).

Let f(z,y) = =2z and g(z,y) = x*—23+y*. Which of the following statements
are TRUE?

(A) The function g(x,y) has a local minimum value at (z,y) = (3/4,0).
(B) The function g(x,y) has no extreme value at (z,y) = (0,0).

(C) Let F(z,y) = [f(z,y)]*/g(z,y). Then F has an absolute maximum value on
D, where D = {(z,y)| (z — 5)* +y* < 1}.

(D) The function f(z,y) subject to the constraint g(x,y) = 0 has only one

extreme value and it occurs at (z,y) = (1,0).

Let f be a differentiable function of two variables. If the tangent plane to z =
f(z,y) at (z,y) = (—3,4) is z = bz — 2y. Which of the following planes must be
tangent to z = f(x? — y?, 2xy)?

(A) z =2z — 24y + 23.

(B) z = —2x + 24y — 69.

(C) z =5z —2y+23.

(D) z = —bz + 2y — 23.



15. Given a region @ enclosed by the surfaces 22 + y? + 2z* < 1 and 2% < 3(2% + ¢?).

Which of the following options can correctly express the region Q)7
(A) Q =A{(z,y,2) : —/3(@2+1y?) < z < /3( a:2+y 0 <2 +y* < }U
{(z,y,2) : —y/1 y? < z<\1—x2—192 —<gj—|—y <1}

(B) Let (r,6, 2) be the cylindrical coordinate. Then @ = {(r,0,z) : —V1 —12 <
1
z§\/1—r2,0§r§§,0§9§27r}u

1
{(r,0,2) : —\/§r§z§\/§r,§§r§1,0§0§2w}.

(C) Let (r,0,2) be the cylindrical coordinate. Then Q = {(r,6,2) : —V3r <
1
z§¢$ﬂgrg§ﬁgeg2ﬂu

{(r,0,2) : — 1—r2§z§m,

<r<1,0<6<2r}.

N | —

(D) Let x = psingcosf, y = psingsinf, and z = pcos¢ be the spherical

2
coordinate. Then @ = {(p,0,¢) : 0 < p<1,0 <6 < 2m, §<¢<?7T



© Part 3: 315 /5HHE (Questions of calculations and proofs)
(HA{ERESH - =Ty - )
(2 questions are worth for 25 points in total.)
(R E A HE T EAR R AR BHE A - BASFIIEMEEZE » JTrBElm sy - (0%
(FTESER - AIINGEE 8 - MR FATEYE - BEHER - S s~ &8
(A0 0% - )
(Answer the problems as thoroughly as possible. Be sure to include all your work.
Partial credit will be given even if the answer is not fully correct.)

1. Let Q be the zy-plane; it means Q = {(z,y) : —oo < 2,y < co}. Given a double

// e~ (@ +2zy+5y%) g4
0

(A) (4 points) Let u = x + y and v = 2y. Evaluate the value of the Jacobian
o(z,y)
I(u,v)

(B) (4 points) Use the change of variables from (A) to write down the integral

integral

form with variables v and v for
// e—(x2+2xy+5y2) dA
Q

(C) (7 points) We have known the integral / ¢ " dz = /7. Use (A) and (B)

to evaluate the value of the double integrz:f

// e~ (@ +2zy+5y%) g4
Q




2. Let {a,} be a sequence of positive numbers and o be a positive number.

(A) (3 points) If there exists some positive integer N such that

1
(Inn)™"-In <—) > 1+ o holds for n > N.

Qn

o0
Prove that ) a, is convergent.

n=1

(B) (3 points) If there exists some positive integer N such that

1
(Inn)™'-In <—) < 1 holds for n > N.

G

o
Prove that »_ a, is divergent.

n=1

(C) (4 points) By using the results in (A), (B) or otherwise, find all b € (0, c0)

o0
such that 3 p™’+1) is convergent.
n=1









